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Abstract
We propose a review of recent developments on entanglement and
non-classical effects in collective two-atom systems and present a uni-
form physical picture of the many predicted phenomena. The col-
lective effects have brought into sharp focus some of the most basic
features of quantum theory, such as nonclassical states of light and en-
tangled states of multiatom systems. The entangled states are linear
superpositions of the internal states of the system which cannot be
separated into product states of the individual atoms. This property
is recognized as entirely quantum-mechanical effect and have played
a crucial role in many discussions of the nature of quantum measure-
ments and, in particular, in the developments of quantum commu-
nications. Much of the fundamental interest in entangled states is
connected with its practical application ranging from quantum com-
putation, information processing, cryptography, and interferometry to
atomic spectroscopy.
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1 Introduction
A central topic in the current studies of collective effects in multi-atom sys-
tems are the theoretical investigations and experimental implementation of
entangled states to quantum computation and quantum information pro-
cessing [1]. The term entanglement, one of the most intriguing properties of
multiparticle systems, was introduced by Schro¨dinger [2] in his discussions of
the foundations of quantum mechanics. It describes a multiparticle system
which has the astonishing property that the results of a measurement on one
particle cannot be specified independently of the results of measurements on
the other particles. In recent years, entanglement has become of interest not
only for the basic understanding of quantum mechanics, but also because
it lies at the heart of many new applications ranging from quantum infor-
mation [3, 4], cryptography [5] and quantum computation [6, 7] to atomic
and molecular spectroscopy [8, 9]. These practical implementations all stem
from the realization that we may control and manipulate quantum systems
at the level of single atoms and photons to store and transfer information in
a controlled way and with high fidelity.
All the implementations of entangled atoms must contend with the con-
flict inherent to open systems. Entangling operations on atoms must provide
strong coherent coupling between the atoms, while shielding the atoms from
the environment in order to make the effect of decoherence and dissipation
negligible. The difficulty of isolating the atoms from the environment is the
main obstacle inhibiting practical applications of entangled states. The envi-
ronment consists of a continuum of electromagnetic field modes surrounding
the atoms. This gives rise to decoherence that leads to the loss of informa-
tion stored in the system. However, it has been recognised that the collective
properties of multi-atom systems can alter spontaneous emission compared
with the single atom case. As it was first pointed out by Dicke [10], the inter-
action between the atomic dipoles could cause the multiatom system to decay
with two significantly different, one enhanced and the other reduced, sponta-
neous emission rates. The presence of the reduced spontaneous emission rate
induces a reduction of the linewidth of the spectrum of spontaneous emis-
sion [11, 12]. This reduced (subradiant) spontaneous emission implies that
the multi-atom system can decohere slower compared with the decoherence
of individual atoms.
Several physical realisations of entangled atoms have been proposed in-
volving trapping and cooling of a small number of ions or neutral atoms [13,
14, 15, 16]. This is the case with the lifetime of the superradiant and sub-
radiant states that have been demonstrated experimentally with two barium
ions confined in a spherical Paul trap [13, 14]. The reason for using cold
trapped atoms or ions is twofold. On the one hand, it has been realised that
the trapped atoms are essentially motionless and lie at a known and con-
trollable distance from one another, permitting qualitatively new studies of
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interatomic interactions not accessible in a gas cell or an atomic beam [17].
The advantage of the trapped atoms is that it allows to separate collective
effects, arising from the correlations between the atoms, from the single-atom
effects. On the other hand it was discovered that cold trapped atoms can be
prepared in maximally entangled states that are isolated from its environ-
ment [18, 19, 20, 21, 22].
An example of maximally entangled states in a two-atom system are
the superradiant and subradiant states, which correspond to the symmetric
and antisymmetric combinations of the atomic dipole moments, respectively.
These states are created by the interaction between the atoms and are charac-
terized by different spontaneous decay rates that the symmetric state decays
with an enhanced, whereas the antisymmetric state decays with a reduced
spontaneous emission rate. The reduced spontaneous emission rate of the
antisymmetric state implies that the state is weakly coupled to the envi-
ronment. For the case of the atoms confined into the region much smaller
than the optical wavelength (Dicke model), the antisymmetric state is com-
pletely decoupled from the environment, and therefore can be regarded as a
decoherence-free state.
Another particularly interesting entangled states of a two-atom system
are two-photon entangled states that are superpositions of only those states of
the two-atom system in which both or neither of the atoms is excited. These
states have been known for a long time as pairwise atomic states or multi-
atom squeezed states [23, 24, 25, 26, 27, 28]. The two-photon entangled states
cannot be generated by a coherent laser field coupled to the atomic dipole
moments. The states can be created by a two-photon excitation process
with nonclassical correlations that can transfer the population from the two-
atom ground state to the upper state without populating the intermediate
one-photon states. An obvious candidate for the creation of the two-photon
entangled states is a broadband squeezed vacuum field which is characterised
by strong nonclassical two-photon correlations [29, 30, 31].
One of the fundamental interests in collective atomic effects is to demon-
strate creation of entanglement on systems containing only two atoms. A
significant body of work on preparation of a two-atom system in an entan-
gled state has accumulated, and two-atom entangled states have already been
demonstrated experimentally using ultra cold trapped ions in free space [14,
32] and cavity quantum electrodynamics (QED) schemes [33, 34]. In the free
space situation, the collective effects arise from the interaction between the
atoms through the vacuum field that the electromagnetic field produced by
one of the atoms influences the dipole moment of the another atom. This
leads to an additional damping and a shift of the atomic levels that both
depend on the interatomic separation. In the cavity QED scheme, the atoms
interact through the cavity mode and in a good cavity limit, photons emit-
ted by one of the atoms are almost immediately absorbed by the another
atom. In this case, the system behaves like the Dicke model. Moreover, the
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strong coupling of the atoms to the cavity mode prevents the atoms to emit
photons to the vacuum modes different from the cavity mode that reduces
decoherence.
Recently, the preparation of correlated superposition states in multi-atom
system has been performed using a quantum nondemolition (QND) measure-
ment technique [35]. Osnaghi et al. [36] have demonstrated coherent control
of two Rydberg atoms in a non-resonant cavity environment. By adjust-
ing the atom-cavity detuning, the final entangled state could be controlled,
opening the door to complex entanglement manipulations [37]. Several pro-
posals have also been made for entangling atoms trapped in distant cavi-
ties [38, 39, 40, 41, 42, 43], or in a Bose-Einstein condensate [44, 45]. In a
very important experiment, Schlosser et al. [46] succeeded in confining single
atoms in microscopic traps, thus enhancing the possibility of further progress
in entanglement and quantum engineering.
This review is concerned primarily with two-atom systems, since it is gen-
erally believed that entanglement of only two microscopic quantum systems
(two qubits) is essential to implement quantum protocols such as quantum
computation. Some description of the theoretical tools required for predic-
tion of entanglement in atomic systems is appropriate. Thus, we propose to
begin the review with an overview of the mathematical apparatus necessary
for describing the interaction of atoms with the electromagnetic field. We
will present the master equation technique and, in addition, we also describe
a more general formalism based on the quantum jump approach. We review
theoretical and experimental schemes proposed for the preparation of two
two-level atoms in an entangled state. We will also relate the atomic entan-
glement to nonclassical effects such as photon antibunching, squeezing and
sub-Poissonian photon statistics. In particular, we consider different schemes
of generation of entangled and nonclassical states of two identical as well as
nonidentical atoms. The cases of maximally and non-maximally entangled
states will be considered and methods of detecting of particular entangled
and nonclassical state of two-atom systems are discussed. Next, we will ex-
amine methods of preparation of a two-atom system in two-photon entangled
states. Finally, we will discuss methods of mapping of the entanglement of
light on atoms involving collective atomic interactions and squeezing of the
atomic dipole fluctuations.
2 Time evolution of a collective atomic sys-
tem
The standard formalism for the calculations of the time evolution and correla-
tion properties of a collective system of atoms is the master equation method.
In this approach, the dynamics are studied in terms of the reduced density
operator ρˆA of the atomic system interacting with the quantized electromag-
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netic (EM) field regarded as a reservoir [47, 48, 49]. There are many possible
realizations of reservoirs. The typical reservoir to which atomic systems are
coupled is the quantized three-dimensional multimode field. The reservoir
can be modelled as a vacuum field whose the modes are in ordinary vacuum
states, or in thermal states, or even in squeezed vacuum states. The major
advantage of the master equation is that it allows us to consider the evolution
of the atoms plus field system entirely in terms of average values of atomic
operators. We can derive equations of motion for expectation values of an
arbitrary combination of the atomic operators, and solve these equations for
time-dependent averages or the steady-state. Another method is the quan-
tum jump approach. This is based on the theory of quantum trajectories [50],
which is equivalent to the Monte Carlo wave-function approach [51, 52], and
allows to predict all possible trajectories of a single quantum system which
stochastically emits photons. Both methods, the master equation and quan-
tum jumps approaches lead to the same final results of the dynamics of an
atomic system, and are widely used in quantum optics.
2.1 Master equation approach
We first give an outline of the derivation of the master equation of a system
of N non-identical nonoverlapping atoms coupled to the quantized three-
dimensional EM field. This derivation is a generalisation of the master equa-
tion technique, introduced by Lehmberg [47], to the case of non-identical
atoms interacting with a squeezed vacuum field. Useful references on the
derivation of the master equation of an atomic system coupled to an ordi-
nary vacuum are the books of Louisell [48] and Agarwal [49]. The atoms
are modelled as two-level systems, with excited state |ei〉, ground state |gi〉,
transition frequency ωi, and transition dipole moments ~µi. We assume that
the atoms are located at different points ~r1, . . . ~rN , have different transition
frequencies ω1 6= ω2 6= . . . 6= ωN , and different transition dipole moments
~µ1 6= ~µ2 6= . . . 6= ~µN .
In the electric dipole approximation, the total Hamiltonian of the com-
bined system, the atoms plus the EM field, is given by
Hˆ =
N∑
i=1
h¯ωiS
z
i +
∑
~ks
h¯ωk
(
aˆ†~ksaˆ~ks +
1
2
)
− ih¯∑
~ks
N∑
i=1
[
~µi · ~g~ks (~ri)
(
S+i + S
−
i
)
aˆ~ks −H.c.
]
, (1)
where S+i = |ei〉〈gi| and S−i = |gi〉〈ei| are the dipole raising and lowering
operators, Szi = (|ei〉〈ei| − |gi〉〈gi|) /2 is the energy operator of the ith atom,
aˆ~ks and aˆ
†
~ks
are the annihilation and creation operators of the field mode ~ks,
which has wave vector ~k, frequency ωk and the index of polarization s. The
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coupling constant
~g~ks (~ri) =
(
ωk
2ǫ0h¯V
) 1
2
e¯~kse
i~k·~ri , (2)
is the mode function of the three-dimensional vacuum field, evaluated at the
position ~ri of the ith atom, V is the normalization volume, and e¯~ks is the
unit polarization vector of the field.
The atomic dipole operators, appearing in Eq. (1), satisfy the well-known
commutation and anticommutation relations[
S+i , S
−
j
]
= 2Szi δij ,
[
Szi , S
±
j
]
= ±S±i δij ,
[
S+i , S
−
j
]
+
= δij , (3)
with
(
S±i
)2 ≡ 0.
While this is straightforward, it is often the case that it is simpler to
work in the interaction picture in which the Hamiltonian (1) evolves in time
according to the interaction with the vacuum field. Therefore, we write the
total Hamiltonian (1) as
Hˆ = Hˆ0 + HˆI , (4)
where
Hˆ0 =
N∑
i=1
h¯ωiS
z
i +
∑
~ks
h¯ωk
(
aˆ†~ksaˆ~ks +
1
2
)
, (5)
is the Hamiltonian of the non-interacting atoms and the EM field, and
HˆI = −ih¯
∑
~ks
N∑
i=1
[
~µi · ~g~ks (~ri)
(
S+i + S
−
i
)
aˆ~ks −H.c.
]
, (6)
is the interaction Hamiltonian between the atoms and the EM field.
The Hamiltonian Hˆ0 transforms the total Hamiltonian (1) into
Hˆ (t) = eiHˆ0t/h¯
(
Hˆ − Hˆ0
)
e−iHˆ0t/h¯ = Vˆ (t) , (7)
where
Vˆ (t) = −ih¯∑
~ks
N∑
i=1
{
~µi · ~g~ks (~ri)S+i aˆ~kse−i(ωk−ωi)t
+~µi · ~g~ks (~ri)S−i aˆ~kse−i(ωk+ωi)t −H.c.
}
. (8)
We will consider the time evolution of the collection of atoms interacting
with the vacuum field in terms of the density operator ρˆAF characterizing the
statistical state of the combined system of the atoms and the vacuum field.
The time evolution of the density operator of the combined system obeys the
equation
∂
∂t
ρˆAF =
1
ih¯
[
Hˆ, ρˆAF
]
. (9)
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Transforming Eq. (9) into the interaction picture with
˜ˆρAF (t) = e
iHˆ0t/h¯ρˆAFe
−iHˆ0t/h¯ , (10)
we find that the transformed density operator satisfies the equation
∂
∂t
˜ˆρAF (t) =
1
ih¯
[
Vˆ (t) , ˜ˆρAF (t)
]
, (11)
where the interaction Hamiltonian Vˆ (t) is given in Eq. (8).
Equation (11) is a simple differential equation which can be solved by the
iteration method. For the initial time t = 0, the integration of Eq. (11) leads
to the following first-order solution in Vˆ (t):
˜ˆρAF (t) = ˜ˆρAF (0) +
1
ih¯
∫ t
0
dt′
[
Vˆ (t′) , ˜ˆρAF (t
′)
]
. (12)
Substituting Eq. (12) into the right side of Eq. (11) and taking the trace
over the vacuum field variables, we find that to the second order in Vˆ (t) the
reduced density operator of the atomic system ρˆA (t) = TrF ˜ˆρAF (t) satisfies
the integro-differential equation
∂
∂t
ρˆA (t) =
1
ih¯
TrF
[
Vˆ (t) , ˜ˆρAF (0)
]
− 1
h¯2
∫ t
0
dt′TrF
{[
Vˆ (t) ,
[
Vˆ (t′) , ˜ˆρAF (t
′)
]]}
. (13)
We choose an initial state with no correlations between the atomic system
and the vacuum field, which allows us to factorize the initial density operator
of the combined system as
˜ˆρAF (0) = ρˆA (0) ρˆF (0) , (14)
where ρˆF is the density operator of the vacuum field.
We now employ the Born approximation [48], in which the interaction
between the atomic system and the field is supposed to be weak, and there is
no the back reaction effect of the atoms on the field. In this approximation
the state of the vacuum field does not change in time, and we can write the
density operator ˜ˆρAF (t
′), appearing in Eq. (13), as
˜ˆρAF (t
′) = ρˆA (t
′) ρˆF (0) . (15)
Under this approximation, and after changing the time variable to t′ = t− τ ,
Eq. (13) simplifies to
∂
∂t
ρˆ (t) =
1
ih¯
TrF
[
Vˆ (t) , ρˆ (0) ρˆF (0)
]
− 1
h¯2
∫ t
0
dτTrF
{[
Vˆ (t) ,
[
Vˆ (t− τ) , ρˆ (t− τ) ρˆF (0)
]]}
, (16)
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where we use a shorter notation ρˆ = ρˆA.
Substituting the explicit form of Vˆ (t) into Eq. (16), we find that the
evolution of the density operator depends on the first and second order cor-
relation functions of the vacuum field operators. We assume that a part of
the vacuum modes is in a squeezed vacuum state for which the correlation
functions are given by [29, 30, 31]
TrF
[
ρˆF (0) aˆ~ks
]
= TrF
[
ρˆF (0) aˆ
†
~ks
]
= 0 ,
TrF
[
ρˆF (0) aˆ~ksaˆ
†
~k′s′
]
=
[
|D (ωk)|2N (ωk) + 1
]
δ3
(
~k − ~k′
)
δss′ ,
TrF
[
ρˆF (0) aˆ
†
~ks
aˆ~k′s′
]
= |D (ωk)|2N (ωk) δ3
(
~k − ~k′
)
δss′ ,
TrF
[
ρˆF (0) aˆ~ksaˆ~k′s′
]
= D2 (ωk)M (ωk) δ
3
(
2~ks − ~k − ~k′
)
δss′ ,
TrF
[
ρˆF (0) aˆ
†
~ks
aˆ†~k′s′
]
= D2 (ωk)M
∗ (ωk) δ
3
(
2~ks − ~k − ~k′
)
δss′ , (17)
where the parameters N (ωk) and M (ωk) characterize squeezing in the vac-
uum field, such thatN (ωk) is the number of photons in the mode ~k,M (ωk) =
|M (ωk) |exp(iφs) is the magnitude of two-photon correlations between the
vacuum modes, and φs is the phase of the squeezed field. The two-photon
correlations are symmetric about the squeezing carrier frequency 2ωs, i.e.
M (ωk) =M (2ωs − ωk), and are related by the inequality
|M (ωk)|2 ≤ N (ωk) (N (2ωs − ωk) + 1) , (18)
where the term +1 on the right-hand side arises from the quantum nature of
the squeezed field [30, 31]. Such a field is often called a quantum squeezed
field. For a classical analogue of squeezed field the two-photon correlations
are given by the inequality |M (ωk)| ≤ N (ωk). Thus, two-photon correlations
with 0 < |M (ωk)| ≤ N (ωk) may be generated by a classical field, whereas
correlations with N (ωk) < |M (ωk)| ≤
√
N (ωk) (N (2ωs − ωk) + 1) can only
be generated by a quantum field which has no classical analog.
The parameter D (ωk), appearing in Eq. (17), determines the matching
of the squeezed modes to the three-dimensional vacuum modes surrounding
the atoms, and contains both the amplitude and phase coupling. The ex-
plicit form of D (ωk) depends on the method of propagation and focusing
the squeezed field [28, 53]. For perfect matching, |D (ωk)|2 = 1, whereas
|D (ωk)|2 < 1 for an imperfect matching. The perfect matching is an ideal-
ization as it is practically impossible to achieve perfect matching in present
experiments [54, 55]. In order to avoid the experimental difficulties, cavity
situations have been suggested. In this case, the parameter D (ωk) is identi-
fied as the cavity transfer function, the absolute value square of which is the
Airy function of the cavity [56, 57]. The function |D (ωk) |2 exhibits a sharp
peak centred at the cavity axis and all the cavity modes are contained in a
small solid angle around this central mode. By squeezing of these modes we
can achieve perfect matching between the squeezed field and the atoms. In
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a realistic experimental situation the input squeezed modes have a Gaussian
profile for which the parameter D (ωk) is given by [57, 58, 59]
D (ωk) = exp
[
−W0 sin2 θk − ikzf cos θk
]
, (19)
where θk is an angle over which the squeezed mode ~k is propagated, and W0
is the beam spot size at the focal point zf . Thus, even in the cavity situation,
perfect matching could be difficult to achieve in present experiments.
Before returning to the derivation of the master equation, we should re-
mark that in realistic experimental situations, the squeezed modes cover only
a small portion of the modes surrounding the atoms. The squeezing modes lie
inside a cone of angle θk < π, and the modes outside the cone are in their ordi-
nary vacuum state. In fact, the modes are in a finite temperature black-body
state, which means that inside the cone the modes are in mixed squeezed vac-
uum and black-body states. However, this is not a serious practical problem
as experiments are usually performed at low temperatures where the black-
body radiation is negligible. In principle, we can include the black-body
radiation effect (thermal noise) to the problem replacing |D (ωk)|2N (ωk) in
Eq. (17) by |D (ωk)|2N (ωk) + N¯ , where N¯ is proportional to the photon
number in the black-body radiation.
We now return to the derivation of the master equation for the density
operator of the atomic system coupled to a squeezed vacuum field. First, we
change the sum over ~ks into an integral
∑
~ks
−→ V
(2πc)3
2∑
s=1
∫ ∞
0
dωkω
2
k
∫
dΩk . (20)
Next, with the correlation functions (17) and after the rotating-wave ap-
proximation (RWA) [60], in which we ignore all terms oscillating at higher
frequencies, 2ωi, ωi + ωj, the general master equation (16) can be written as
∂
∂t
ρˆ (t) =
∑N
i,j=1
{[
S−j Xˆij (t, τ) , S
+
i
]
+
[
S−j , Xˆ
†
ji (t, τ)S
+
i
]
+
[
S+j Yˆij (t, τ) , S
−
i
]
+
[
S+j , Yˆ
†
ji (t, τ)S
−
i
]
+
[
S+i Kˆij (t, τ) , S
+
j
]
+
[
S+i , Kˆij (t, τ)S
+
j
]
+
[
S−i Kˆ
†
ij (t, τ) , S
−
j
]
+
[
S−i , Kˆ
†
ij (t, τ)S
−
j
]}
, (21)
where the two-time operators are
Xˆij (t, τ) =
V
(2πc)3
∫
dωkω
2
ke
−i(ωi−ωj)t
∫
dΩk
2∑
s=1
χ
(−)
ij (t, τ) ,
Yˆij (t, τ) =
V
(2πc)3
∫
dωkω
2
ke
i(ωi−ωj)t
∫
dΩk
2∑
s=1
χ
(+)
ij (t, τ) , (22)
9
Kˆij (t, τ) =
V
(2πc)3
∫
dωkωk (2ωs − ωk) e−i(2ωs−ωi−ωj)t
×
∫
Ωs
dΩk
2∑
s=1
χ
(M)
ij (t, τ) ,
with
χ
(±)
ij (t, τ) =
[
|D (ωk)|2N (ωk) + 1
] [
~µi · ~g~ks (~ri)
] [
~µ∗j · ~g∗~ks (~rj)
]
×
∫ t
0
dτρˆ (t− τ) e−i(ωk±ωj)τ
+ |D (ωk)|2N (ωk)
[
~µ∗i · ~g∗~ks (~ri)
] [
~µj · ~g~ks (~rj)
]
×
∫ t
0
dτρˆ (t− τ) ei(ωk∓ωj)τ ,
χ
(M)
ij (t) = M (ωk)D
2 (ωk)
[
~µi · ~g~ks (~ri)
] [
~µj · ~g~ks (~rj)
]
×
∫ t
0
dτρˆ (t− τ) ei(2ωs−ωk−ωj)τ , (23)
and Ωs is the solid angle over which the squeezed vacuum field is propagated.
The master equation (21) with parameters (22) and (23) is quite general
in terms of the matching of the squeezed modes to the vacuum modes and
the bandwidth of the squeezed field relative to the atomic linewidths. The
master equation is in the form of an integro-differential equation, and can
be simplified by employing the Markov approximation [48]. In this approxi-
mation the integral over the time delay τ contains functions which decay to
zero over a short correlation time τc. This correlation time is of the order of
the inverse bandwidth of the squeezed field, and the short correlation time
approximation is formally equivalent to assume that squeezing bandwidths
are much larger than the atomic linewidths. Over this short time-scale the
density operator would hardly have changed from ρˆ (t) , thus we can replace
ρˆ (t− τ) by ρˆ (t) in Eq. (23) and extend the integral to infinity. Under these
conditions, we can perform the integration over τ and obtain [60]
lim
t→∞
∫ t
0
dτρˆ (t− τ) eixτ ≈ ρˆ (t)
[
πδ (x) + i
P
x
]
, (24)
where P indicates the principal value of the integral. Moreover, for squeez-
ing bandwidth much larger than the atomic linewidths, we can approxi-
mate the squeezing parameters and the mode function evaluated at ωk by
their maximal values evaluated at ωs, i.e., we can take N (ωk) = N (ωs),
M (ωk) =M (ωs), and D (ωk) = D (ωs).
Finally, to carry out the polarization sums and integrals over dΩk in
Eq. (22), we assume that the dipole moments of the atoms are parallel and
use the spherical representation for the propagation vector ~k. The integral
over dΩk contains integrals over the spherical angular coordinates θ and φ.
10
The angle θ is formed by ~rij and ~k directions, so we can write
~k =
∣∣∣~k∣∣∣ [sin θ cosφ , sin θ sinφ , cos θ] . (25)
In this representation, the unit polarization vectors e¯~k1 and e¯~k2 may be chosen
as [48]
e¯~k1 = [− cos θ cosφ ,− cos θ sinφ , sin θ] ,
e¯~k2 = [sinφ ,− cosφ , 0] , (26)
and the orientation of the atomic dipole moments can be taken in the x
direction
~µi = |~µi| [1 , 0 , 0] ,
~µj = |~µj| [1 , 0 , 0] . (27)
With this choice of the polarization vectors and the orientation of the dipole
moments, we obtain
Xˆij (t, τ) =
{[
1 + N˜ (ωs)
] (1
2
Γij − iΩ(−)ij
)
+ iN˜ (ωs)Ω
(+)
ij
}
ρˆ (t) e−i(ωi−ωj)t ,
Yˆij (t, τ) =
{
N˜ (ωs)
(
1
2
Γij + iΩ
(−)
ij
)
− i
[
1 + N˜ (ωs)
]
Ω
(+)
ij
}
ρˆ (t) ei(ωi−ωj)t ,
Kˆij (t, τ) = M˜ (ωs)
(
1
2
Γij + iΩ
(M)
ij
)
ρˆ (t) e−i(2ωs−ωi−ωj)t , (28)
where
N˜ (ωs) = N (ωs) |D (ωs)|2 v (θs) ,
M˜ (ωs) = M (ωs) |D (ωs)|2 v (θs) , (29)
with
v (θs) =
1
2
[
1− 1
4
(
3 + cos2 θs
)
cos θs
]
, (30)
and θs is the angle over which the squeezed vacuum is propagated.
The parameters Γij, which appear in Eq. (28), are spontaneous emission
rates, such that
Γi ≡ Γii = ω
3
i µ
2
i
3πεoh¯c3
(31)
is the spontaneous emission rate of the ith atom, equal to the Einstein A
coefficient for spontaneous emission, and
Γij = Γji =
√
ΓiΓjF (k0rij) (i 6= j) , (32)
11
where
F (k0rij) =
3
2
{[
1− (µ¯ · r¯ij)2
] sin (k0rij)
k0rij
+
[
1− 3 (µ¯ · r¯ij)2
] [cos (k0rij)
(k0rij)
2 −
sin (k0rij)
(k0rij)
3
]}
, (33)
are collective spontaneous emission rates arising from the coupling between
the atoms through the vacuum field [11, 47, 49, 61, 62]. In the expression (33),
µ¯ = µ¯i = µ¯j and r¯ij are unit vectors along the atomic transition dipole
moments and the vector ~rij = ~rj − ~ri, respectively. Moreover, k0 = ω0/c,
where ω0 = (ωi + ωj)/2, and we have assumed that (ωi − ωj)≪ ω0.
The remaining parameters Ω
(±)
ij and Ω
(M)
ij , that appear in Eq. (28), will
contribute to the shifts of the atomic levels, and are given by
Ω
(±)
ij = P
√
ΓiΓj
2πω30
∫ ∞
0
ω3kF (ωkrij/c)
ωk ± ωj dωk , (34)
and
Ω
(M)
ij = P
√
ΓiΓj
2πω30
∫ ∞
0
ω2k (2ωs − ωk)F (ωkr0/c)
2ωs − ωk − ωj dωk , (35)
where F (ωkr0/c) is given in Eq. (33) with k0 replaced by ωk/c, and rij
replaced by r0 = ri + rj.
With the parameters (28), the master equation of the system of non-
identical atoms in a broadband squeezed vacuum, written in the Schro¨dinger
picture, reads
∂ρˆ
∂t
= −1
2
N∑
i,j=1
Γij
[
1 + N˜ (ωs)
] (
ρˆS+i S
−
j + S
+
i S
−
j ρˆ− 2S−j ρˆS+i
)
−1
2
N∑
i,j=1
ΓijN˜ (ωs)
(
ρˆS−i S
+
j + S
−
i S
+
j ρˆ− 2S+j ρˆS−i
)
+
1
2
N∑
i,j=1
(
Γij + iΩ
(M)
ij
)
M˜ (ωs)
(
ρˆS+i S
+
j + S
+
i S
+
j ρˆ− 2S+j ρˆS+i
)
+
1
2
N∑
i,j=1
(
Γij − iΩ(M)ij
)
M˜∗ (ωs)
(
ρˆS−i S
−
j + S
−
i S
−
j ρˆ− 2S−j ρˆS−i
)
−i
N∑
i=1
(ωi + δi) [S
z
i , ρˆ]− i
N∑
i6=j
Ωij
[
S+i S
−
j , ρˆ
]
, (36)
where
δi =
[
2N˜ (ωs) + 1
] (
Ω
(+)
ii − Ω(−)ii
)
(37)
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represent a part of the intensity dependent Lamb shift of the atomic levels,
while
Ωij = −
(
Ω
(+)
ij + Ω
(−)
ij
)
, (i 6= j) (38)
represents the vacuum induced coherent (dipole-dipole) interaction between
the atoms. It is well known that to obtain a complete calculation of the Lamb
shift, it is necessary to extend the calculations to a second-order multilevel
Hamiltonian including electron mass renormalisation [63].
The parameters δi are usually absorbed into the atomic frequencies ωi,
by redefining the frequencies ω˜i = ωi + δi and are not often explicitly in-
cluded in the master equations. The other parameters, Ω
(M)
ij and Ωij , do
not appear as a shift of the atomic levels. One can show by the calculation
of the integral appearing in Eq. (35) that the parameter Ω
(M)
ij is negligibly
small when the carrier frequency of the squeezed field is tuned close to the
atomic frequencies [59, 64, 65, 66]. On the other hand, the parameter Ωij
is independent of the squeezing parameters N˜ (ωs) and M˜ (ωs), and arises
from the interaction between the atoms through the vacuum field. It can be
seen that Ωij plays a role of a coherent (dipole-dipole) coupling between the
atoms. Thus, the collective interactions between the atoms give rise not only
to the modified dissipative spontaneous emission but also lead to a coherent
coupling between the atoms.
Using the contours integration method, we find from Eq. (38) the explicit
form of Ωij as [11, 47, 49, 67, 68]
Ωij =
3
4
√
ΓiΓj
{
−
[
1− (µ¯ · r¯ij)2
] cos (k0rij)
k0rij
+
[
1− 3 (µ¯ · r¯ij)2
] [sin (k0rij)
(k0rij)
2 +
cos (k0rij)
(k0rij)
3
]}
. (39)
The collective parameters Γij and Ωij , which both depend on the in-
teratomic separation, determine the collective properties of the multiatom
system. In Fig. 1, we plot Γij/
√
ΓiΓj and Ωij/
√
ΓiΓj as a function of rij/λ,
where λ is the resonant wavelength. For large separations (rij ≫ λ) the pa-
rameters are very small (Γij = Ωij ≈ 0), and become important for rij < λ/2.
For atomic separations much smaller than the resonant wavelength (the small
sample model), the parameters attain their maximal values
Γij =
√
ΓiΓj , (40)
and
Ωij ≈
3
√
ΓiΓj
4 (k0rij)
3
[
1− 3 (µ¯ · r¯ij)2
]
. (41)
In this small sample model Ωij corresponds to the quasistatic dipole-dipole
interaction potential.
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Figure 1: (a) Collective damping Γij/
√
ΓiΓj and (b) the dipole-dipole inter-
action Ωij/
√
ΓiΓj as a function of rij/λ for µ¯ ⊥ r¯ij (solid line) and µ¯ ‖ r¯ij
(dashed line).
Equation (36) is the final form of the master equation that gives us an
elegant description of the physics involved in the dynamics of interacting
atoms. The collective parameters Γij and Ωij , which arise from the mutual
interaction between the atoms, significantly modify the master equation of
a two-atom system. The parameter Γij introduces a coupling between the
atoms through the vacuum field that the spontaneous emission from one of
the atoms influences the spontaneous emission from the other. The dipole-
dipole interaction term Ωij introduces a coherent coupling between the atoms.
Owing to the dipole-dipole interaction, the population is coherently trans-
ferred back and forth from one atom to the other. Here, the dipole-dipole
interaction parameter Ωij plays a role similar to that of the Rabi frequency
in the atom-field interaction.
For the next few sections, we restrict ourselves to the interaction of the
atoms with the ordinary vacuum, M˜(ωs) = N˜(ωs) = 0, and driven by an
external coherent laser field. In this case, the master equation (36) can be
written as
∂ρˆ
∂t
= − i
h¯
[
Hˆs, ρˆ
]
− 1
2
N∑
i,j=1
Γij
(
ρˆS+i S
−
j + S
+
i S
−
j ρˆ− 2S−j ρˆS+i
)
, (42)
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where
Hˆs = h¯
N∑
i=1
(ωi + δi)S
z
i + h¯
N∑
i6=j
ΩijS
+
i S
−
j + HˆL , (43)
and
HˆL = −1
2
h¯
N∑
i=1
[
Ω (~ri)S
+
i e
i(ωLt+φL) +H.c.
]
, (44)
is the interaction Hamiltonian of the atoms with a classical coherent laser
field of the Rabi frequency Ω (~ri), the angular frequency ωL and phase φL.
Note that the Rabi frequencies of the driving field are evaluated at the
positions of the atoms and are defined as [60]
Ω (~ri) ≡ Ωi = ~µi · ~ELei~kL·~ri/h¯ , (45)
where ~EL is the amplitude and ~kL is the wave vector of the driving field,
respectively. The Rabi frequencies depend on the positions of the atoms and
can be different for the atoms located at different points. For example, if the
dipole moments of the atoms are parallel, the Rabi frequencies Ωi and Ωj of
two arbitrary atoms separated by a distance rij are related by
Ωj = Ωi
|~µj |
|~µi| e
i~kL·~rij , (46)
where ~rij is the vector in the direction of the interatomic axis and |~rij| = rij is
the distance between the atoms. Thus, for two identical atoms (|~µi| = |~µj|),
the Rabi frequencies differ by the phase factor exp(i~kL · ~rij) arising from dif-
ferent position coordinates of the atoms. However, the phase factor depends
on the orientation of the interatomic axis in respect to the direction of prop-
agation of the driving field, and therefore exp(i~kL · ~rij) can be equal to one,
even for large interatomic separations rij . This happens when the direction
of propagation of the driving field is perpendicular to the interatomic axis,
~kL ·~rij = 0. For directions different from perpendicular, ~kL ·~rij 6= 0, and then
the atoms are in nonequivalent positions in the driving field, with different
Rabi frequencies (Ωi 6= Ωj). For a very special geometrical configuration of
the atoms that are confined to a volume with linear dimensions that are much
smaller compared to the laser wavelength, the phase factor exp(i~kL ·~rij) ≈ 1,
and then the Rabi frequencies are independent of the atomic positions. This
specific configuration of the atoms is known as the small sample model or the
Dicke model, and do not correspond in general to the experimentally realised
atomic systems such as atomic beams or trapped atoms.
The formalism presented here for the derivation of the master equation
can be easily extended to the case of N multi-level atoms [69, 70, 71, 72] and
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atoms interacting with colour (frequency dependent) reservoirs [73, 74, 75, 76]
or photonic band-gap materials [77, 78]. Freedhoff [79] has extended the
master equation formalism to electric quadrupole transitions in atoms. In
the following sections, we will apply the master equations (36) and (42) to a
wide variety of cases ranging from two identical as well as nonidentical atoms
interacting with the ordinary vacuum to atoms driven by a laser field and
finally to atoms interacting with a squeezed vacuum field.
2.2 Quantum jump approach
The master equation is a very powerful tool for calculations of the dynamics
of Markovian systems which assume that the bandwidth of the vacuum field
is broadband. The Markovian master equation leads to linear differential
equations for the density matrix elements that can be solved numerically or
analytically by the direct integration.
An alternative to the master equation technique is quantum jump ap-
proach. This technique is based on quantum trajectories [50] that are equiv-
alent to the Monte Carlo wave-function approach [51, 52], and has been
developed largely in connection with problems involving prediction of all
possible evolution trajectories of a given system. This approach can be used
to predict all evolution trajectories of a single quantum system which stochas-
tically emits photons. Our review of this approach will concentrate on the
example considered by Beige and Hegerfeldt [80] of two identical two-level
atoms interacting with the three-dimensional EM field whose the modes are
in the ordinary vacuum states.
In the quantum jump approach it is assumed that the probability density
for a photon emission is known for all times t, and therefore the state of
the atoms changes abruptly. After one photon emission the system jumps
into another state, which can be determined with the help of the so called
reset operator. The continuous time evolution of the system between two
successive photon emissions is determined by the conditional Hamiltonian Hˆc.
Suppose that at time t0 the state of the combined system of the atoms and
EM field is given by
|Ψ〉 〈Ψ| = |0〉 ρˆ 〈0| , (47)
where ρˆ is the density operator of the atoms and |0〉 is the vacuum state of
the field. After a time ∆t a photon is detected and then the state of the
system changes to
PUˆI (t0 +∆t, t0) |0〉 ρˆ 〈0| Uˆ †I (t0 +∆t, t0)P , (48)
where P = 1− |0〉 〈0| is the projection onto the one photon space, and
UˆI (t, t0) = e
− i
h¯
Vˆ (t)(t−t0) (49)
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is the evolution operator with the Hamiltonian Vˆ (t) given in Eq. (8).
The non-normalised state of the atomic system, denoted as R(ρˆ)∆t, is
obtained by taking trace of Eq. (48) over the field states
R(ρˆ)∆t = TrF
(
PUˆI (t0 +∆t, t0) |0〉 ρˆ 〈0| Uˆ †I (t0 +∆t, t0)P
)
, (50)
where R(ρˆ) is called the non-normalised reset state and the corresponding
operator Rˆ is called the reset operator.
Using the perturbation theory and Eq. (8), we find the explicit form of
Rˆ(ρˆ) for the two-atom system as
Rˆ(ρˆ) =
1
2
(C∗12 + C21)S
−
1 ρˆS
+
2 +
1
2
(C12 + C
∗
21)S
−
2 ρˆS
+
1
+Γ
(
S−1 ρˆS
+
1 + S
−
2 ρˆS
+
2
)
, (51)
where
Cij = −3
2
iΓeik0rij
{[
1− (µ¯ · r¯ij)2
] 1
k0rij
+
[
1− 3 (µ¯ · r¯ij)2
] ( i
(k0rij)2
− 1
(k0rij)3
)}
. (52)
Note that ReCij = Γij and ImCij = 2Ωij , where Γij and Ωij are the collective
atomic parameters, given in Eqs. (32) and (39), respectively.
The time evolution of the system under the condition that no photon is
emitted is described by the conditional Hamiltonian Hˆc, which is found from
the relation
1− i
h¯
Hˆc∆t = 〈0| UˆI (t0 +∆t, t0) |0〉 , (53)
where ∆t is a short evolution time such that ∆t < 1/Γ. Using second order
perturbation theory, we find from Eq. (53) that the conditional Hamiltonian
for the two-atom system is of the form
Hˆc =
h¯
2i
[
Γ
(
S+1 S
−
1 + S
+
2 S
−
2
)
+ C12S
+
1 S
−
2 + C21S
+
2 S
−
1
]
. (54)
Hence, between photon emissions the time evolution of the system is given
by an operator
Uˆc (t0 +∆t, t0) = e
− i
h¯
Hˆc(t−t0) , (55)
which is nonunitary since Hˆc is non-Hermitian, and the state vector of the
system is
|Ψ∆t〉 = Uˆc (t0 +∆t, t0) |Ψ0〉 . (56)
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Then, the probability to detect no photon until time t is given by
P (t; |Ψ0〉) =
∣∣∣Uˆc (t, t0) |Ψ0〉∣∣∣2 . (57)
The probability density w1 (t; |Ψ0〉) of detecting a photon at time t is defined
as
w1 (t; |Ψ0〉) = − d
dt
P (t; |Ψ0〉) , (58)
and is often called the waiting time distribution.
The results (57) and (58) show that in the quantum jump method one
calculates the times of the photon detection stochastically. Starting at t = t0
with a pure state, the state develops according to Uˆc until the first emission at
some time t1, determined from the waiting time w1. Then the state is reset,
according to Eq. (51), to a new density matrix and the system evolves again
according to Uˆc until the second emission appearing at some time t2, and the
procedure repeats until the final time tn. In this way, we obtain a set of tra-
jectories of the atomic evolution. The ensemble of such trajectories yields to
equations of motion which are solved using the standard analytical or numer-
ical methods. As a practical matter, individual trajectories are generally not
observed. The ensemble average over all possible trajectories leads to equa-
tions of motion which are equivalent to the equations of motion derived from
the master equation of the system. Thus, the quantum jump approach is
consistent with the master equation method. However, the advantage of the
quantum jump approach over the master equation method is that it allows to
predict all possible trajectories of a single system. Using this approach, it has
been demonstrated that environment induced measurements can assist in the
realization of universal gates for quantum computing [18]. Cabrillo et al. [81]
have applied the method to demonstrate entangling between distant atoms
by interference. Scho¨n and Beige [82] have demonstrated the advantage of
the method in the analysis of a two-atom double-slit experiment.
3 Entangled atomic states
The modification of spontaneous emission by the collective damping and
in particular the presence of the dipole-dipole interaction between the atoms
suggest that the bare atomic states are no longer the eigenstates of the atomic
system. We will illustrate this on a system of two identical as well as non-
identical atoms, and present a general formalism for diagonalization of the
Hamiltonian of the atoms in respect to the dipole-dipole interaction.
In the absence of the dipole-dipole interaction and the driving laser field,
the space of the two-atom system is spanned by four product states
|g1〉|g2〉 , |e1〉|g2〉 , |g1〉|e2〉 , |e1〉|e2〉 , (59)
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with corresponding energies
Egg = −h¯ω0 , Eeg = −h¯∆ , Ege = h¯∆ , Eee = h¯ω0 , (60)
where ω0 =
1
2
(ω1 + ω2) and ∆ =
1
2
(ω2 − ω1).
The product states |e1〉|g2〉 and |g1〉|e2〉 form a pair of nearly degenerated
states. When we include the dipole-dipole interaction between the atoms,
the product states combine into two linear superpositions (entangled states),
with their energies shifted from ±h¯∆ by the dipole-dipole interaction energy.
To see this, we begin with the Hamiltonian of two atoms including the dipole-
dipole interaction
Hˆaa =
2∑
i=1
h¯ωiS
z
i + h¯
∑
i6=j
ΩijS
+
i S
−
j . (61)
In the basis of the product states (59), the Hamiltonian (61) can be written
in a matrix form as
Hˆaa = h¯


−ω0 0 0 0
0 −∆ Ω12 0
0 Ω12 ∆ 0
0 0 0 ω0

 . (62)
Evidently, in the presence of the dipole-dipole interaction the matrix (62)
is not diagonal, which indicates that the product states (59) are not the
eigenstates of the two-atom system. We will diagonalize the matrix (62)
separately for the case of identical (∆ = 0) and nonidentical (∆ 6= 0) atoms
to find eigenstates of the systems and their energies.
3.1 Entangled states of two identical atoms
Consider first a system of two identical atoms (∆ = 0). In order to find
energies and corresponding eigenstates of the system, we have to diagonalize
the matrix (62). The resulting energies and corresponding eigenstates of the
system are [10, 47]
Eg = −h¯ω0 , |g〉 = |g1〉|g2〉 ,
Es = h¯Ω12 , |s〉 = 1√
2
(|e1〉|g2〉+ |g1〉|e2〉) ,
Ea = −h¯Ω12 , |a〉 = 1√
2
(|e1〉|g2〉 − |g1〉|e2〉) ,
Ee = h¯ω0 , |e〉 = |e1〉|e2〉 . (63)
The eigenstates (63), first introduced by Dicke [10], are known as the
collective states of two interacting atoms. The ground state |g〉 and the upper
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Figure 2: Collective states of two identical atoms. The energies of the sym-
metric and antisymmetric states are shifted by the dipole-dipole interaction
Ω12. The arrows indicate possible one-photon transitions.
state |e〉 are not affected by the dipole-dipole interaction, whereas the states
|s〉 and |a〉 are shifted from their unperturbed energies by the amount ±Ω12,
the dipole-dipole energy. The most important property of the collective states
|s〉 and |a〉 is that they are an example of maximally entangled states of the
two-atom system. The states are linear superpositions of the product states
which cannot be separated into product states of the individual atoms.
We show the collective states of two identical atoms in Fig. 2. It is seen
that in the collective states representation, the two-atom system behaves as
a single four-level system, with the ground state |g〉, the upper state |e〉,
and two intermediate states: the symmetric state |s〉 and the antisymmetric
state |a〉. The energies of the intermediate states depend on the dipole-
dipole interaction and these states suffer a large shift when the interatomic
separation is small. There are two transition channels |e〉 → |s〉 → |g〉 and
|e〉 → |a〉 → |g〉, each with two cascade nondegenerate transitions. For two
identical atoms, these two channels are uncorrelated, but the transitions in
these channels are damped with significantly different rates. To illustrate
these features, we transform the master equation (42) into the basis of the
collective states (63). We define collective operators Aij = |i〉〈j|, where
i, j = e, a, s, g, that represent the energies (i = j) of the collective states and
coherences (i 6= j). Using Eq. (63), we find that the collective operators are
related to the atomic operators S±i through the following identities
S+1 =
1√
2
(Aes − Aea + Asg + Aag) ,
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S+2 =
1√
2
(Aes + Aea + Asg − Aag) . (64)
Substituting the transformation identities into Eq. (42), we find that in
the basis of the collective states the master equation of the system can be
written as
∂
∂t
ρˆ = − i
h¯
[
Hˆas, ρˆ
]
+
(
∂
∂t
ρˆ
)
s
+
(
∂
∂t
ρˆ
)
a
, (65)
where
Hˆas = h¯ [ω0 (Aee − Agg) + Ω12 (Ass −Aaa)]
− h¯
2
√
2
(Ω1 + Ω2)
[
(Aes + Asg) e
i(ωLt+φL) +H.c.
]
− h¯
2
√
2
(Ω2 − Ω1)
[
(Aea −Aag) ei(ωLt+φL) +H.c.
]
, (66)
is the Hamiltonian of the interacting atoms and the driving laser field,(
∂
∂t
ρˆ
)
s
= −1
2
(Γ + Γ12) {(Aee + Ass) ρˆ+ ρˆ (Aee + Ass)
− 2 (Ase + Ags) ρˆ (Aes + Asg)} , (67)
describes dissipation through the cascade |e〉 → |s〉 → |g〉 channel involving
the symmetric state |s〉, and
(
∂
∂t
ρˆ
)
a
= −1
2
(Γ− Γ12) {(Aee + Aaa) ρˆ+ ρˆ (Aee + Aaa)
− 2 (Aae −Aga) ρˆ (Aea − Aag)} , (68)
describes dissipation through the cascade |e〉 → |a〉 → |g〉 channel involving
the antisymmetric state |a〉.
We will call the two cascade channels |e〉 → |s〉 → |g〉 and |e〉 → |a〉 → |g〉
as symmetric and antisymmetric transitions, respectively. The first term in
Hˆas is the energy of the collective states, while the second and third terms
are the interactions of the laser field with the symmetric and antisymmetric
transitions, respectively. One can see from Eqs. (65)-(68) that the symmet-
ric and antisymmetric transitions are uncorrelated and decay with different
rates; the symmetric transitions decay with an enhanced (superradiant) rate
(Γ+Γ12), whereas the antisymmetric transitions decay with a reduced (sub-
radiant) rate (Γ − Γ12). For Γ = Γ12, which appears when the interatomic
separation is much smaller than the resonant wavelength, the antisymmet-
ric transitions decouple from the driving field and does not decay. In this
case, the antisymmetric state is completely decoupled from the remaining
states and the system decays only through the symmetric channel. Hence,
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for Γ12 = Γ the system reduces to a three-level cascade system, referred to
as the small-sample model or two-atom Dicke model [10, 47, 49]. The model
assumes that the atoms are close enough that we can ignore any effects result-
ing from different spatial positions of the atoms. In other words, the phase
factors exp(i~k ·~ri) are assumed to have the same value for all the atoms, and
are set equal to one. This assumption may prove difficult in experimental
realization as the present atom trapping and cooling techniques can trap two
atoms at distances of the order of a resonant wavelength [13, 14, 15, 16].
At these distances the collective damping parameter Γ12 differs significantly
from Γ (see Fig. 1), and we cannot ignore the transitions to and from the
antisymmetric state. We can, however, employ the Dicke model to spatially
extended atomic systems. This could be achieved assuming that the obser-
vation time of the atomic dynamics is shorter than Γ−1. The antisymmetric
state |a〉 decays on a time scale ∼ (Γ − Γ12)−1, which for Γ12 ≈ Γ is much
longer than Γ−1. On the other hand, the symmetric state decays on a time
scale ∼ (Γ + Γ12)−1, which is shorter than Γ−1. Clearly, if we consider short
observation times, the antisymmetric state does not participate in the dy-
namics and the system can be considered as evolving only between the Dicke
states.
Although the symmetric and antisymmetric transitions of the collective
system are uncorrelated, the dynamics of the four-level system may be signif-
icantly different from the three-level Dicke model. As an example, consider
the total intensity of the fluorescence field emitted from a two-atom system
driven by a resonant coherent laser field (ωL = ω0). We make two simplifying
assumptions in order to obtain a simple analytical solution: Firstly, we limit
our calculations to the steady-state intensity. Secondly, we take ~kL · ~r12 = 0
that corresponds to the direction of propagation of the driving field perpen-
dicular to the interatomic axis. We emphasize that these assumptions do not
limit qualitatively the physics of the system, as experiments are usually per-
formed in the steady-state, and with ~kL · ~r12 = 0 the interatomic separation
r12 may still be any size relative to the resonant wavelength.
We consider the radiation intensity I(~R, t) detected at a point ~R at the
moment of time t. If the detection point ~R is in the far-field zone of the
radiation emitted by the atomic system, then the intensity can be expressed
in terms of the first-order correlation functions of the atomic dipole operators
as [47, 49]
I
(
~R, t
)
= u(~R)
2∑
i,j=1
〈S+i (t− R/c)S−j (t−R/c)〉eikR¯·~rij , (69)
where
u(~R) =
(
ω40µ
2/2R2c4πε0
)
sin2 ϕ (70)
is a constant which depends on the geometry of the system, ϕ the angle
between the observation direction ~R = RR¯ and the atomic dipole moment
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~µ.
On integrating over all directions, Eq. (69) yields the total radiation in-
tensity given in photons per second as
I (t) =
2∑
i,j=1
Γij〈S+i (t− R/c)S−j (t− R/c)〉 . (71)
The atomic correlation functions, appearing in Eq. (71), are found from the
master equation (42). There are, however, two different steady-state solu-
tions of the master equation (42) depending on whether the collective damp-
ing rates Γ12 = Γ or Γ12 6= Γ [83, 84, 85].
For Γ12 6= Γ and ~kL · ~r12 = 0, the steady-state solutions for the atomic
correlation functions are
〈
S+1 S
−
1
〉
=
〈
S+2 S
−
2
〉
=
2Ω4 + Γ2Ω2
4D
,
〈
S+1 S
−
2
〉
=
〈
S+2 S
−
1
〉
=
Γ2Ω2
4D
, (72)
where
D = Ω4 +
(
Ω2 + Ω212
)
Γ2 +
1
4
Γ2 (Γ + Γ12)
2 . (73)
If we take Γ12 = Γ and Ω12 = 0, that corresponds to the two-atom Dicke
model, the steady-state solutions for the atomic correlation functions are of
the following form
〈
S+1 S
−
1
〉
=
〈
S+2 S
−
2
〉
=
3Ω4 + 2Ω2Γ2
2D′
,
〈
S+1 S
−
2
〉
=
〈
S+2 S
−
1
〉
=
Ω4 + 2Ω2Γ2
2D′
, (74)
where
D′ = 3Ω4 + 4Γ2Ω2 + 4Γ4 . (75)
In the limit of a strong driving field, Ω≫ Γ, the steady-state total radia-
tion intensity from the two-atom Dicke model is equal to 4Γ/3. However, for
the spatially separated atoms Iss = limt→∞ I (t) = Γ, which is twice of the
intensity from a single atom [86]. There is no additional enhancement of the
intensity.
Note that in the limit of r12 → 0, the steady-state solution (72) does not
reduce to that of the Dicke model, given in Eq. (74). This fact is connected
with conservation of the total spin S2, that S2 is a constant of motion for the
Dicke model and S2 not being a constant of motion for a spatially extended
system of atoms [83, 84]. We can explain it by expressing the square of the
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total spin of the two-atom system in terms of the density matrix elements of
the collective system as
S2 (t) = 2− 2ρaa (t) . (76)
It is clear from Eq. (76) that S2 is conserved only in the Dicke model, in
which the antisymmetric state is ignored. For a spatially extended system
the antisymmetric state participates fully in the dynamics and S2 is not
conserved. The Dicke model reaches steady state between the triplet states
|e〉, |s〉, and |g〉, while the spatially extended two-atom system reaches steady
state between the triplet and the antisymmetric states.
Amin and Cordes [87] calculated the total radiation intensity from an N -
atom Dicke model and showed the intensity is N(N + 2)/3 times that for a
single atom, which they called ”scaling factor”. The above calculations show
that the scaling factor is characteristic of the small sample model and does
not exist in spatially extended atomic systems. Thus, in physical systems the
antisymmetric state plays important role and as we have shown its presence
affects the steady-state fluorescence intensity. The antisymmetric state can
also affect other phenomena, for example, photon antibunching [88], and
purity of two-photon entangled states, that is discussed in Sec. 9.
3.2 Collective states of two nonidentical atoms
For two identical atoms, the dipole-dipole interaction leads to the maxi-
mally entangled symmetric and antisymmetric states that decay indepen-
dently with different damping rates. Furthermore, in the case of the small
sample model of two atoms the antisymmetric state decouples from the ex-
ternal coherent field and the environment, and consequently does not decay.
The decoupling of the antisymmetric state from the coherent field prevents
the state from the external coherent interactions. This is not, however, an
useful property from the point of view of quantum computation where it is
required to prepare entangled states which are decoupled from the external
environment and simultaneously should be accessible by coherent processes.
This requirement can be achieved if the atoms are not identical, and we will
discuss here some consequences of the fact that the atoms could have differ-
ent transition frequencies or different spontaneous emission rates. To make
our discussion more transparent, we will concentrate on two specific cases:
(1) ∆ 6= 0 and Γ1 = Γ2, and (2) ∆ = 0 and Γ1 6= Γ2.
3.2.1 The case ∆ 6= 0 and Γ1 = Γ2
When the atoms are nonidentical with different transition frequencies, the
states (63) are no longer the eigenstates of the Hamiltonian (60). The diago-
nalization of the matrix (62) with ∆ 6= 0 leads to the following energies and
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corresponding eigenstates [89]
Eg = −h¯ω0 , |g〉 = |g1〉|g2〉 ,
Es′ = h¯w , |s′〉 = β|e1〉|g2〉+ α|g1〉|e2〉 ,
Ea′ = −h¯w , |a′〉 = α|e1〉|g2〉 − β|g1〉|e2〉 ,
Ee = h¯ω0 , |e〉 = |e1〉|e2〉 , (77)
where
α =
d√
d2 + Ω212
, β =
Ω12√
d2 + Ω212
, w =
√
Ω212 +∆
2 , (78)
and d = ∆+
√
Ω212 +∆
2.
The energy level structure of the collective system of two nonidentical
atoms is similar to that of the identical atoms, with the ground state |g〉,
the upper state |e〉, and two intermediate states |s′〉 and |a′〉. The effect
of the frequency difference ∆ on the collective atomic states is to increase
the splitting between the intermediate levels, which now is equal to w =√
Ω212 +∆
2. However, the most dramatic effect of the detuning ∆ is on the
degree of entanglement of the intermediate states |s′〉 and |a′〉 that in the case
of nonidentical atoms the states are no longer maximally entangled states.
For ∆ = 0 the states |s′〉 and |a′〉 reduce to the maximally entangled states
|s〉 and |a〉, whereas for ∆≫ Ω12 the entangled states reduce to the product
states |e1〉|g2〉 and −|g1〉|e2〉, respectively.
Using the same procedure as for the case of identical atoms, we rewrite
the master equation (42) in terms of the collective operators Aij = |i〉〈j|,
where now the collective states |i〉 are given in Eq. (77). First, we find that
in the case of nonidentical atoms the atomic dipole operators can be written
in terms of the linear combinations of the collective operators as
S+1 = αAes′ − βAea′ + βAs′g + αAa′g ,
S+2 = βAes′ + αAea′ + αAs′g − βAa′g . (79)
Hence, in terms of the collective operators Aij , the master equation takes the
form
∂
∂t
ρˆ = − i
h¯
[
Hˆs′, ρˆ
]
+ Lρˆ , (80)
where
Hˆs′ = h¯ [ω0 (Aee − Agg) + w (As′s′ −Aa′a′)]
− h¯
2
{
[(αΩ1 + βΩ2)Aes′ + (βΩ1 + αΩ2)As′g] e
i(ωLt+φL)
+ [(αΩ2 − βΩ1)Aea′ − (βΩ2 − αΩ1)Aa′g] ei(ωLt+φL) +H.c.
}
(81)
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is the Hamiltonian of the system in the collective states basis, and the Liou-
ville operator Lρˆ describes the dissipative part of the evolution. The dissi-
pative part is composed of three terms
Lρˆ =
(
∂
∂t
ρˆ
)
s
+
(
∂
∂t
ρˆ
)
a
+
(
∂
∂t
ρˆ
)
I
, (82)
where (
∂
∂t
ρˆ
)
s
= −Γs′ {(Aee + As′s′) ρˆ+ ρˆ (Aee + As′s′)
−2 (As′eρˆAes′ + Ags′ ρˆAs′g)}
− (αβΓ + Γ12) (As′eρAs′g + Ags′ρAes′) , (83)(
∂
∂t
ρˆ
)
a
= −Γa′ {(Aee + Aa′a′) ρˆ+ ρˆ (Aee + Aa′a′)
−2 (Aa′eρˆAea′ + Aga′ ρˆAa′g)}
− (αβΓ− Γ12) (Aa′eρˆAa′g + Aga′ ρˆAea′) , (84)
and (
∂
∂t
ρˆ
)
I
= −Γa′s′ {(Aa′s′ + As′a′) ρˆ+ ρˆ (Aa′s′ + As′a′)
− 2 (Aga′ ρˆAs′g + Ags′ ρˆAa′g + As′eρˆAea′ + Aa′eρˆAes′)}
+
(
α2 − β2
)
Γ {Aa′eρˆAs′g + Ags′ ρˆAea′
+As′eρˆAa′g + Aga′ ρˆAes′} , (85)
with the damping coefficients
Γs′ =
1
2
(Γ + 2αβΓ12) , Γa′ =
1
2
(Γ− 2αβΓ12) ,
Γa′s′ =
1
2
(
α2 − β2
)
Γ12 . (86)
The dissipative part of the master equation is very extensive and unlike
the case of identical atoms, contains the interference term between the sym-
metric and antisymmetric transitions. The terms (83) and (84) describes
spontaneous transitions in the symmetric and antisymmetric channels, re-
spectively. The coefficients Γs′, and Γa′ are the spontaneous emission rates
of the transitions. The interference term (85) results from spontaneously
induced coherences between the symmetric and antisymmetric transitions.
This term appears only in systems of atoms with different transition frequen-
cies (∆ 6= 0), and reflects the fact that, as the system decays from the state
|s′〉, it drives the antisymmetric state, and vice versa. Thus, in contrast to
the case of identical atoms, the symmetric and antisymmetric transitions are
no longer independent and are correlated due to the presence of the detuning
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Figure 3: The spontaneous emission damping rate Γa′ as a function of ∆
for ~µ ⊥ r¯12, and different interatomic separations: r12/λ = 0.05 (solid line),
r12/λ = 0.1 (dashed line), r12/λ = 0.5 (dashed-dotted line).
∆. Moreover, for nonidentical atoms the damping rate of the antisymmetric
state cannot be reduced to zero. In the case of interatomic separations much
smaller than the optical wavelength (the small sample model), the damping
rate reduces to
Γa′ =
1
2
Γ (α− β)2 , (87)
that is different from zero, unless ∆ = 0.
In Fig. 3, we plot the damping rate Γa′ as a function of ∆ for different
interatomic separations. The damping rate vanishes for ∆ = 0 independent
of the interatomic separation, but for small interatomic separations there is
a significant range of ∆ for which Γa′ ≪ Γ.
3.2.2 The case ∆ = 0 and Γ1 6= Γ2
The choice of the collective states (77) as a basis leads to a complicated
dissipative part of the master equation. A different choice of collective states
is proposed here, which allows to obtain a simple master equation of the
system with only the uncorrelated dissipative parts of the symmetric and
antisymmetric transitions [19]. Moreover, we will show that it is possible to
create an entangled state in the system of two nonidentical atoms which can
be decoupled from the external environment and, at the same time, the state
exhibits a strong coherent coupling with the remaining states.
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To illustrate this, we introduce superposition operator S±s and S
±
a which
are linear combinations of the atomic dipole operators S±1 and S
±
2 as
S+s = uS
+
1 + vS
+
2 , S
−
s = u
∗S−1 + v
∗S−2 ,
S+a = vS
+
1 − uS+2 , S−a = v∗S−1 − u∗S−2 , (88)
where u and v are the transformation coefficients which are in general com-
plex numbers. The coefficients satisfy the condition
|u|2 + |v|2 = 1 . (89)
The operators S±s and S
±
a represent, respectively, symmetric and anti-
symmetric superpositions of the atomic dipole operators. In terms of the
superposition operators, the dissipative part of the master equation (42) can
be written as
Lρˆ = −Γss
(
S+s S
−
s ρˆ+ ρˆS
+
s S
−
s − 2S−s ρˆS+s
)
−Γaa
(
S+a S
−
a ρˆ+ ρˆS
+
a S
−
a − 2S−a ρˆS+a
)
−Γsa
(
S+s S
−
a ρˆ+ ρˆS
+
s S
−
a − 2S−a ρˆS+s
)
−Γas
(
S+a S
−
s ρˆ+ ρˆS
+
a S
−
s − 2S−s ρˆS+a
)
, (90)
where the coefficients Γmn are
Γss = |u|2 Γ1 + |v|2 Γ2 + (uv∗ + u∗v) Γ12,
Γaa = |v|2 Γ1 + |u|2 Γ2 − (uv∗ + u∗v) Γ12,
Γas = uv
∗Γ1 − u∗vΓ2 −
(
|u|2 − |v|2
)
Γ12,
Γsa = u
∗vΓ1 − uv∗Γ2 −
(
|u|2 − |v|2
)
Γ12. (91)
The first two terms in Eq. (90) are familiar spontaneous emission terms of
the symmetric and antisymmetric transitions, and the parameters Γss and
Γaa are spontaneous emission rates of the transitions, respectively. The last
two terms are due to coherence between the superposition states and the
parameters Γas and Γsa describes cross-damping rates between the superpo-
sitions.
If we make the identification
u =
√
Γ1
Γ1 + Γ2
, v =
√
Γ2
Γ1 + Γ2
, (92)
then the damping coefficients (91) simplify to
Γss =
1
2
(Γ1 + Γ2) +
√
Γ1Γ2
(
Γ12 −
√
Γ1Γ2
)
Γ1 + Γ2
,
Γaa =
(√
Γ1Γ2 − Γ12
)√
Γ1Γ2
Γ1 + Γ2
,
Γsa = Γas =
1
2
(Γ1 − Γ2)
(√
Γ1Γ2 − Γ12
)
Γ1 + Γ2
. (93)
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When the damping rates of the atoms are equal (Γ1 = Γ2), the cross-damping
terms Γas and Γsa vanish. Furthermore, if Γ12 =
√
Γ1Γ2 then the spontaneous
emission rates Γaa, Γas and Γsa vanish regardless of the ratio between the Γ1
and Γ2. In this case, which corresponds to interatomic separations much
smaller than the optical wavelength, the antisymmetric superposition does
not decay and also decouples from the symmetric superposition.
An interesting question arises as to whether the nondecaying antisymmet-
ric superposition can still be coupled to the symmetric superposition through
the coherent interactions Ω12 and Ω contained in the Hamiltonian Hˆs. These
interactions can coherently transfer population between the superpositions.
To check it, we first transform the Hamiltonian (43) into the interaction pic-
ture and next rewrite the transformed Hamiltonian in terms of the S±s and
S±a operators as
Hˆs = −h¯∆L
[(
S+s S
−
s + S
+
a S
−
a
)
+ (v∗u− vu∗)
(
S+s S
−
a − S+a S−s
)]
+h¯Ω12
{
(vu∗ + v∗u)
(
S+s S
−
s − S+a S−a
)
+
(
|v|2 − |u|2
) (
S+s S
−
a + S
+
a S
−
s
)}
−1
2
h¯
[
(uΩ1 + vΩ2)S
+
s + (vΩ1 − uΩ2)S+a +H.c.
]
, (94)
where ∆L = ωL − ω0.
In the above equation, the first term arises from the atomic Hamiltonian
and shows that in the absence of the interatomic interactions the symmetric
and antisymmetric states have the same energy. The second term in Eq. (94),
proportional to the dipole-dipole interaction between the atoms, has two
effects on the dynamics of the symmetric and antisymmetric superpositions.
The first is a shift of the energies and the second is the coherent interaction
between the superpositions. It is seen from Eq. (94) that the contribution
of Ω12 to the coherent interaction between the superpositions vanishes for
Γ1 = Γ2 and then the effect of Ω12 is only the shift of the energies from their
unperturbed values. Note that the dipole-dipole interaction Ω12 shifts the
energies in the opposite directions. The third term in Eq. (94) represents
the interaction of the superpositions with the driving laser field. We see
that the symmetric superposition couples to the laser field with an effective
Rabi frequency proportional to uΩ1 + vΩ2, whereas the Rabi frequency of
the antisymmetric superposition is proportional to vΩ1 − uΩ2 and vanishes
for vΩ1 = uΩ2.
Alternatively, we may write the Hamiltonian (94) in a more transparent
form which shows explicitly the presence of the coherent coupling between
the symmetric and antisymmetric states
Hˆs = −h¯
[
(∆L −∆′)S+s S−s + (∆L +∆′)S+a S−a +∆cS+s S−a +∆∗cS+a S−s
]
−1
2
h¯
[
(uΩ1 + vΩ2)S
+
s + (vΩ1 − uΩ2)S+a +H.c.
]
, (95)
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where ∆′ and ∆c are given by
∆′ = (vu∗ + v∗u)Ω12 , ∆c =
(
|u|2 − |v|2
)
Ω12 + (v
∗u− vu∗)∆L . (96)
The parameters ∆′ and ∆c allow us to gain physical insight into how the
dipole-dipole interaction Ω12 and the unequal damping rates Γ1 6= Γ2 can
modify the dynamics of the two-atom system. The parameter ∆′ appears
as a shift of the energies of the superposition systems, while ∆c determines
the magnitude of the coherent interaction between the superpositions. For
identical atoms the shift ∆′ reduces to Ω12 that is the dipole-dipole interaction
shift of the energy levels. In contrast to the shift ∆′, which is different from
zero for identical as well as nonidentical atoms, the coherent coupling ∆c can
be different from zero only for nonidentical atoms.
Thus, the condition Γ12 =
√
Γ1Γ2 for suppression of spontaneous emission
from the antisymmetric state is valid for identical as well as non-identical
atoms, whereas the coherent interaction between the superpositions appears
only for nonidentical atoms with different spontaneous damping rates.
It should be noted that this treatment is valid with only a minor mod-
ification for a number of other schemes of two-atom systems. For example,
it can be applied to the case of two identical atoms that experience different
intensities and phases of the driving field [90, 91, 92].
In what follows, we will illustrate how the interference term in the master
equation of two nonidentical atoms results in quantum beats and transfers
of the population to the antisymmetric state even if the antisymmetric state
does not decay. Of particular interest is the temporal dependence of the total
radiation intensity of the fluorescence field emitted by two interacting atoms.
4 Quantum beats
The objective of this section is to give an account of interference effects result-
ing from the direct correlations between the symmetric and antisymmetric
states. We will first analyse the simplest model of spontaneous emission
from two nonidentical atoms and consider the time dependence of the total
radiation intensity. After this, we will consider the time evolution of the
fluorescence intensity emitted by two identical atoms that are not in the
equivalent positions in the driving field.
4.1 Quantum beats in spontaneous emission from two
nonidentical atoms
For two nonidentical atoms the master equation (42), in the absence of the
driving field (Ωi = 0), leads to a closed set of five equations of motion for the
expectation values of the atomic dipole operators [89]. This set of equations
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can be written in a matrix form as
d
dt
~X (t) = A ~X (t) , (97)
where ~X (t) is a column vector with components
X1 = 〈S+1 (t)S−1 (t)〉 , X2 = 〈S+2 (t)S−2 (t)〉 ,
X3 = 〈S+1 (t)S−2 (t)〉 , X4 = 〈S+2 (t)S−1 (t)〉 ,
X5 = 〈S+1 (t)S+2 (t)S−1 (t)S−2 (t)〉 , (98)
and A is the 5× 5 matrix
A =


−Γ1 0 κ κ∗ 0
0 −Γ2 κ∗ κ 0
κ κ∗ −1
2
(ΓT − 4i∆) 0 2Γ12
κ∗ κ 0 −1
2
(ΓT + 4i∆) 2Γ12
0 0 0 0 −ΓT


, (99)
with κ = −1
2
(Γ12 + iΩ12) and ΓT = Γ1 + Γ2.
It is seen from Eq. (99) that the equation of motion for the second-order
correlation function 〈S+1 (t)S+2 (t)S−1 (t)S−2 (t)〉 is decoupled from the remaining
four equations. This allows for an exact solution of the set of equations (96).
The exact solution is given in Ref. [89]. Here, we will focus on two special
cases of ∆ 6= 0,Γ1 = Γ2 and ∆ = 0,Γ1 6= Γ2, and calculate the time evolution
of the total fluorescence intensity, defined in Eq. (71). We will assume that
initially (t = 0) atom ”1” was in its excited state |e1〉 and atom ”2” was in
its ground state |g2〉.
4.1.1 The case ∆ 6= 0, Γ1 = Γ2 = Γ and Ω12 ≫ ∆
In this case the atoms have the same spontaneous damping rates but different
transition frequencies that, for simplicity, are taken much smaller than the
dipole-dipole interaction potential. In this limit, the approximate solution of
Eq. (97) leads to the following total radiation intensity
I (t) = e−Γt
[
∆
2Ω12
Γ12 cos 2wt+ Γ cosh Γ12t− Γ12 sinh Γ12t
]
, (100)
where w =
√
Ω212 +∆
2.
The total radiation intensity exhibits sinusoidal modulation (beats) su-
perimposed on exponential decay with the damping rates Γ ± Γ12. The
amplitude of the oscillations is proportional to ∆ and vanishes for identical
atoms. The damping rate Γ + Γ12 describes the spontaneous decay from
the state |s′〉 to the ground state |g〉, while Γ − Γ12 is the decay rate of the
|a′〉 → |g〉 transition. The frequency 2w of the oscillations is equal to the
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frequency difference between the |s′〉 and |a′〉 states. The oscillations reflect
the spontaneously induced correlations between the |s′〉 → |g〉 and |a′〉 → |g〉
transitions. According to Eq. (86) the amplitude of the spontaneously in-
duced correlations is equal to Γa′s′ , which in the limit of Ω12 ≫ ∆ reduces
to Γa′s′ = ∆Γ12/(2Ω12). Hence, the amplitude of the oscillations appearing
in Eq. (100) is exactly equal to the amplitude of the spontaneously induced
correlations. Fig. 4 shows the temporal dependence of the total radiation
intensity for interatomic separation r12 = λ/12,Γ1 = Γ2, µ¯ ⊥ r¯, and different
∆. As predicted by Eq. (100), the intensity exhibits quantum beats whose
the amplitude increases with increasing ∆. Moreover, at short times, the
intensity can become greater than its initial value I (0). This effect is known
as a superradiant behavior and is absent in the case of two identical atoms.
Thus, the spontaneously induced correlations between the |s′〉 → |g〉 and
|a′〉 → |g〉 transitions can induce quantum beats and superradiant effect in
the intensity of the emitted field.
The superradiant effect is characteristic of a large number of atoms [93, 94,
95], and it is quite surprising to obtain this effect in the system of two atoms.
Coffey and Friedberg [96] and Richter [97] have shown that the superradiant
effect can be observed in some special cases of the atomic configuration of a
three-atom system. Blank et al. [98] have shown that this effect, for atoms lo-
cated in an equidistant linear chain, appears for at least six atoms. Recently,
DeAngelis et al. [99] have experimentally observed the superradiant effect in
the radiation from two identical dipoles located inside a planar symmetrical
microcavity.
Quantum beats predicted here for spontaneous emission from two non-
identical atoms are fully equivalent to the quantum beats predicted recently
by Zhou and Swain [100] in a single three-level V system with correlated
spontaneous transitions. For the initial conditions used here that initially
only one of the atoms was excited, the initial population distributes equally
between the states |s′〉 and |a′〉. Since the transitions are correlated through
the dissipative term Γa′s′, the system of two nonidentical atoms behaves as
a three-level V system with spontaneously correlated transitions.
4.1.2 The case of ∆ = 0,Γ1 6= Γ2 and Ω12 ≫ Γ1,Γ2
We now wish to show how quantum beats can be obtained in two nonidenti-
cal atoms that have equal frequencies but different damping rates. According
to Eqs. (93) and (96), the symmetric and antisymmetric transitions are cor-
related not only through the spontaneously induced coherences Γas, but also
through the coherent coupling ∆c. One can see from Eq. (93) that for small
interatomic separations Γas ≈ 0. However, the coherent coupling parameter
∆c, which is proportional to Ω12, is very large, and we will show that the
coherent coupling ∆c can also lead to quantum beats and the superradiant
effect. In the case of ∆ = 0,Γ1 6= Γ2 and Ω12 ≫ Γ1,Γ2, the approximate
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Figure 4: Time evolution of the total radiation intensity for r12 = λ/12,Γ1 =
Γ2, µ¯ ⊥ r¯, and different ∆: ∆ = 0 (solid line), ∆ = −2Γ (dashed line),
∆ = −3Γ (dashed-dotted line).
solution of Eq. (97) leads to the following expression for the total radiation
intensity
I (t) = e−
1
2
(Γ1+Γ2)t
{
1
2
(Γ1 − Γ2) cos 2Ω12t
+
1
2
(Γ1 + Γ2) cosh Γ12t− Γ12 sinh Γ12t
}
. (101)
The intensity displays quantum-beat oscillations at frequency 2Ω12 corre-
sponding to the frequency splitting between the |s′〉 and |a′〉 states. The
amplitude of the oscillations is equal to (Γ1 − Γ2) /2 that is proportional to
the coherent coupling ∆c. For Γ1 = Γ2 the coherent coupling parameter
∆c = 0 and no quantum beats occur. In this case the intensity exhibits pure
exponential decay. This is shown in Fig. 5, where we plot the time evolution
of I (t) for interatomic separation r12 = λ/12, and different ratios Γ2/Γ1.
Similar to the case discussed in Sec. 4.1.1, the intensity exhibits quantum
beats and the superradiant effect. For r12 = λ/12 the collective damping
Γ12 ≈
√
Γ1Γ2, and then the parameter Γas ≈ 0, indicating that the quantum
beats and the superradiant effect result from the coherent coupling between
the |s′〉 and |a′〉 states.
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Figure 5: Time evolution of the total radiation intensity for r12 = λ/12,∆ =
0, µ¯ ⊥ r¯12, and different Γ2/Γ1: Γ2/Γ1 = 1 (solid line), Γ2/Γ1 = 2.5 (dashed
line), Γ2/Γ1 = 5 (dashed-dotted line).
4.1.3 Two identical atoms in nonequivalent positions in a driving
field
Quantum beats and superradiant effect induced by interference between dif-
ferent transitions in the system of two nonidentical atoms also occur in other
situations. For example, quantum beats can appear in a system of two iden-
tical atoms that experience different amplitude or phase of a coherent driving
field [90, 91].
Consider the Hamiltonian (44) of the interaction between coherent laser
field and two identical atoms. In the interaction picture, the Hamiltonian
can be written as
HˆL = −1
2
h¯
[(
Ω1S
+
1 + Ω2S
+
2
)
+H.c.
]
, (102)
where Ωi is the Rabi frequency of the driving field at the position of the ith
atom.
For the atoms in a running-wave laser field with ~kL · ~ri 6= 0, the Rabi
frequency is a complex parameter, which may be written as
Ωi = Ωe
i~kL·~ri , (103)
where Ω = |~µi · ~EL|/h¯ is the maximum Rabi frequency and ~kL is the wave
vector of the driving field. Thus, in the running-wave laser field the atoms
experience different phases of the driving field.
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For the atoms in a standing-wave laser field and ~kL · ~ri 6= 0, the Rabi
frequency is a real parameter, which may be written as
Ωi = Ωcos
(
~kL · ~ri
)
. (104)
Hence, in the standing-wave laser field the atoms experience different ampli-
tudes of the driving field.
In the following, we choose the reference frame such that the atoms are at
the positions ~r1 = (r1, 0, 0) and ~r2 = (r2, 0, 0) along the x-axis, with distance
r12 apart. In this case,
Ω1 = Ωe
i~kL·~r1 , Ω2 = Ωe
i~kL·~r2 , (105)
for the atoms in the running-wave field, and
Ω1 = Ωcos
(
~kL · ~r1
)
, Ω2 = Ωcos
(
~kL · ~r2
)
, (106)
for the atoms in the standing-wave field.
With the above choice of the Rabi frequencies, the Hamiltonian (102)
takes the form
HˆL = −1
2
h¯
(
ΩS+s +H.c.
)
, (107)
where S+s = S
+
1 exp(i~kL · ~r1) + S+2 exp(i~kL · ~r2) for the running-wave field,
and S+s = S
+
1 cos(~kL · ~r1) + S+2 cos(~kL · ~r2) for the standing-wave field. The
operator S+s corresponds to the symmetric superposition operator defined in
Eq.(88). Following the procedure, we developed in Sec. 3.2.2, we find that
the transformation coefficients u and v are
u =
ei
~kL·~r1
√
2
, v =
ei
~kL·~r2
√
2
, (108)
for the running-wave field, and
u =
cos(~kL · ~r1)√
cos2(~kL · ~r1) + cos2(~kL · ~r2)
,
v =
cos(~kL · ~r2)√
cos2(~kL · ~r1) + cos2(~kL · ~r2)
, (109)
for the standing-wave field.
Using the transformation coefficients (108) and (109), we find that the
spontaneously induced coherences Γas and the coherent coupling ∆c between
the symmetric and antisymmetric transitions are
Γas = −iΓ sin(~kL · ~r12) , ∆c = i∆L sin(~kL · ~r12) , (110)
35
10 20 30 400
0.01
0.02
0.03
0.04
0.05
Γ t
I(t
)/Γ
Figure 6: Time evolution of the total radiation intensity for the running-wave
driving field with Ω = 0.2Γ, ~kL ‖ ~r12 and different interatomic separations;
r12 = 0.2λ (solid line), r12 = 0.16λ (dashed line), r12 = 0.14λ (dashed-dotted
line).
for the running-wave field, and
Γas = −Γ12 sin
2(~kL · ~r12)
1 + cos2(~kL · ~r12)
, ∆c = Ω12
sin2(~kL · ~r12)
1 + cos2(~kL · ~r12)
, (111)
for the standing-wave field, where, for simplicity, we have chosen the reference
frame such that r1 = 0 and r2 = r12.
First, we note that no quantum beats can be obtained for the direction of
propagation of the laser field perpendicular to the interatomic axis, because
sin(~kL ·~r12) = 0; however, quantum beats occur for directions of propagation
different from the perpendicular to ~r12. One can see from Eqs. (110) and
(111) that in the case of the running-wave field and ∆L = 0, the symmetric
and antisymmetric transitions are correlated only through the spontaneously
induced coherences Γas. In the case of the standing-wave field, both coupling
parameters Γas and ∆c are different from zero. However, for interatomic
separations r12 < λ, the parameter Γas is much smaller than ∆c, indicating
that in this case the coherent coupling dominates over the spontaneously
induced coherences. These simple analysis of the parameters Γas and ∆c show
that one should obtain quantum beats in the total radiation intensity of the
fluorescence field emitted from two identical atoms. Figures 6 and 7 show
the time evolution of the total radiation intensity, obtained by numerical
solutions of the equations of motion for the atomic correlation functions.
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Figure 7: Time evolution of the total radiation intensity for the same param-
eters as in Fig. 6, but the standing-wave driving field.
The equations are found from the master equation (42), which in the case
of the running- or standing-wave driving field leads to a closed set of fifteen
equations of motion for the atomic correlation functions [90, 91]. In Fig. 6,
we present the time-dependent total radiation intensity for the running-wave
driving field with Ω = 0.2Γ, ~kL ‖ ~r12 and different interatomic separations.
Fig. 7 shows the total radiation intensity for the same parameters as in Fig. 6,
but the standing-wave driving field. As predicted by Eqs. (110) and (111),
the intensity exhibits quantum beats. The amplitude and frequency of the
oscillations is dependent on the interatomic interactions and vanishes for
large interatomic separations as well as for separations very small compared
with the resonant wavelength. This is easily explained in the framework
of collective states of a two-atom system. For a weak driving field, the
population oscillates between the intermediate states |s〉, |a〉 and the ground
state |g〉. When interatomic separations are large, Ω12 is approximately zero,
and then the transitions |s〉 → |g〉 and |a〉 → |g〉 have the same frequency.
Therefore, there are no quantum beats in the emitted field. On the other
hand, for very small interatomic separations, ~kL · ~r12 ≈ 0, and then the
coupling parameters Γas and ∆c vanish, resulting in the disappearance of the
quantum beats.
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5 Nonclassical states of light
The interaction of light with atomic systems can lead to unique phenomena
such as photon antibunching and squeezing. These effects are examples of a
nonclassical light field, that is a field for which quantum mechanics is essen-
tial for its description. Photon antibunching is characteristic of a radiation
in which the variance of the number of photons is less than the mean number
of photons, i.e. the photons exhibit sub-Poissonian statistics. Squeezing is
characteristic of a field with phase-sensitive quantum fluctuations, which in
one of the two phase components are reduced below the vacuum (shot-noise)
level. Since photon antibunching and squeezing are distinguishing features
of light, it is clearly of interest to identify situations in which such fields
can be generated. Photon antibunching has been predicted theoretically for
the first time in resonance fluorescence of a two-level atom [101, 102]. Since
then, a number of papers have appeared analyzing various schemes for gen-
erating photon antibunching offered by nonlinear optics [103, 104, 105, 106].
Squeezing has been extensively studied since the theoretical work by Walls
and Zoller [107] and Mandel [108] on reduction of noise and photon statistics
in resonance fluorescence of a two-level atom. Several experimental groups
have been successful in producing nonclassical light. Photon antibunching
has been observed in resonance fluorescence from a dilute atomic beam of
sodium atoms driven by a coherent laser field [109, 110, 111]. More re-
cently, beautiful measurements of photon antibunching have been made on
trapped atoms [112], and a cavity QED system [113]. On the other hand,
squeezed light was first observed by Slusher et al. [114] in four-wave mix-
ing experiments. After that observation squeezed light has been observed in
many other nonlinear processes, with a recent development being the avail-
ability of a tunable source of squeezed light exhibiting a noise reduction of
∼ 70% below the shot-noise level. The experimental observation of photon
antibunching and squeezing have provided direct evidence of the quantum
nature of light, and these two phenomena were precursors of much of the
present work on nonclassical light fields. An extensive literature on various
aspects of photon antibunching and squeezing now exists and is reviewed in
several articles [115, 116, 117].
The objective of this section is to concentrate on collective two-atom
systems as a potential source for photon antibunching and squeezing. We
understand collective effects in a broad sense, that for two or more atoms
all effects that cannot be explained by the properties of individual atoms are
considered as collective. This definition of collective effects thus includes,
for example, both the resonance fluorescence from a system of two atoms
in free space and also collective behaviour of two atoms strongly coupled to
the same cavity mode in the good cavity limit. Moreover, we emphasize the
role of the interatomic interactions in the generation of nonclassical light.
We also relate the nonclassical effects to the degree of entanglement in the
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system.
5.1 Photon antibunching
Photon antibunching is described through the normalized second-order cor-
relation function, defined as [86]
g(2)
(
~R1, t1; ~R2, t2
)
=
G(2)
(
~R1, t1; ~R2, t2
)
G(1)
(
~R1, t1
)
G(1)
(
~R2, t2
) , (112)
where
G(2)
(
~R1, t1; ~R2, t2
)
= 〈 ~E(−)
(
~R1, t1
)
~E(−)
(
~R2, t2
)
~E(+)
(
~R2, t2
)
~E(+)
(
~R1, t1
)
〉 ,(113)
is the two-time second-order correlation function of the EM field detected at
a point ~R1 at time t1 and at a point ~R2 at time t2, and
G(1)
(
~Ri, ti
)
= 〈 ~E(−)
(
~Ri, ti
)
~E(+)
(
~Ri, ti
)
〉 , (114)
is the first-order correlation function of the field (intensity) detected at a
point Ri at time ti(i = 1, 2).
The correlation function G(2)(~R1, t1; ~R2, t2) is proportional to a joint prob-
ability of finding one photon around the direction ~R1 at time t1 and another
photon around the direction ~R2 at the moment of time t2. For a coher-
ent light, the probability of finding a photon around ~R1 at time t1 is in-
dependent of the probability of finding another photon around ~R2 at time
t2, and then G
(2)(~R1, t1; ~R2, t2) simply factorizes into G
(1)(~R1, t1)G
(1)(~R2, t2)
giving g(2)(~R1, t1; ~R2, t2) = 1. For a chaotic (thermal) field the second-order
correlation function for t1 = t2 is greater than for t2 − t1 = τ > 0 giv-
ing g(2)(~R1, t1; ~R2, t1) > g
(2)(~R1, t1; ~R2, t1 + τ). This is a manifestation of
the tendency of photons to be emitted in correlated pairs, and is called
photon bunching. Photon antibunching, as the name implies, is the oppo-
site of bunching, and describes a situation in which fewer photons appear
close together than further apart. The condition for photon antibunching is
g(2)(~R1, t1; ~R2, t1) < g
(2)(~R1, t1; ~R2, t1 + τ) and implies that the probability
of detecting two photons at the same time t is smaller than the probability
of detecting two photons at different times t and t + τ . Moreover, the fact
that there is a small probability of detecting photon pairs with zero time
separation indicated that the one-time correlation function g(2)(~R1, t; ~R2, t)
is smaller than one. This effect is called photon anticorrelation. The nor-
malized one-time second-order correlation function carries also information
about photon statistics, which is given by the Mandel’s Q parameter defined
as [108]
Q = qT
[
g(2)
(
~R1, t; ~R2, t
)
− 1
]
, (115)
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where q is the quantum efficiency of the detector and T is the photon counting
time.
We can relate the field correlation functions (113) and (114) to the correla-
tion functions of the atomic operators, which will allow us to apply directly
the master equation (42) to calculate photon antibunching in a collective
atomic system. The relation between the positive frequency part of the elec-
tric field operator at a point ~R = RR¯, in the far-field zone, and the atomic
dipole operators S−i , is given by the well-known expression [47, 49]
~E(+)
(
~R, t
)
= ~E
(+)
0
(
~R, t
)
−
2∑
i=1
ωi
c2
R¯×
(
R¯× ~µi
)
R
S−i
(
t− R
c
)
exp
(
−ikR¯ · ~ri
)
,(116)
where ωi is the angular frequency of the ith atom located at a point ~ri, and
~E
(+)
0
(
~R, t
)
denotes the positive frequency part of the field in the absence of
the atoms.
If we assume that initially the field is in the vacuum state, then the free-
field part ~E
(+)
0 (~R, t) does not contribute to the expectation values of the
normally ordered operators. Hence, substituting Eq. (116) into Eqs. (113)
and (114), we obtain
G(2)
(
~R, t; ~R, t+ τ
)
= u(~R1)u(~R2)
N∑
i,j,k,l=1
(ΓiΓjΓkΓl)
1
2
×
〈
S+i (t)S
+
k (t+ τ)S
−
l (t+ τ)S
−
j (t)
〉
× exp
[
ik
(
R¯1 · ~rij + R¯2 · ~rkl
)]
, (117)
G(1)
(
~R, t
)
= u(~R)
N∑
i,j=1
(ΓiΓj)
1
2
〈
S+i (t)S
−
j (t)
〉
× exp
(
ikR¯ · ~rij
)
, (118)
where τ = t2 − t1, Γi is the damping rate of the ith atom, and u(~R) is
a constant given in Eq. (70). The second-order correlation function (117)
involves two-time atomic correlation function that can be calculated from
the master equation (36) or (42) and applying the quantum regression theo-
rem [118]. From the quantum regression theorem, it is well known that for
τ > 0 the two-time correlation function 〈S+i (t)S+k (t+ τ)S−l (t+ τ)S−j (t)〉
satisfies the same equation of motion as the one-time correlation function
〈S+k (t)S−l (t)〉.
We shall first of all consider the simplest collective system for photon
antibunching; two identical atoms in the Dicke model. Whilst this model
is not well satisfied with the present sources of two-atom systems, it does
enable analytic treatments that allow to understand the role of the collective
damping in the generation of nonclassical light.
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For the two-atom Dicke model the master equation (42) reduces to
∂ρˆ
∂t
=
1
2
iΩ
[
S+ + S−, ρˆ
]
− 1
2
Γ
(
S+S−ρˆ+ ρˆS+S− − 2S−ρˆS+
)
, (119)
where S± = S±1 + S
±
2 and S
z = Sz1 + S
z
2 are the collective atomic operators
and Ω is the Rabi frequency of the driving field, which in the Dicke model is
the same for both atoms. For simplicity, the laser frequency ωL is taken to
be exactly equal to the atomic resonant frequency ω0.
The secular approximation technique has been suggested by Agarwal et
al. [119] and Kilin [120], which greatly simplifies the master equation (119).
Hassan et al. [121] and Cordes [122, 123] have generalised the method to
include non-zero detuning of the laser field and the quasistatic dipole-dipole
potential. The technique is a modification of a collective dressed-atom ap-
proach developed by Freedhoff [124] and is valid if the Rabi frequency of the
driving field is much greater than the damping rates of the atoms, Ω ≫ Γ.
To implement the technique, we transform the collective operators into new
(dressed) operators
S± = ±1
2
i
(
R+ +R−
)
+Rz ,
Sz = −1
2
i
(
R+ −R−
)
. (120)
The operators R are a rotation of the operators S. For a strong driving field,
the operators R± vary rapidly with time, approximately as exp(±iΩt), while
Rz varies slowly in time. By expressing the operators S± and Sz in terms of
the operators R± and Rz, and substituting into the master equation (119),
we find that certain terms are slowly varying in time while others oscillate
rapidly. The secular approximation then involves dropping the rapidly oscil-
lating terms that results in an approximate master equation of the form
∂ρˆ
∂t
= iΩ [Rz, ρˆ] − 1
2
Γ {(RzRzρˆ+ ρˆRzRz − 2RzρˆRz)
+
1
4
(
R+R−ρˆ+ ρˆR+R− − 2R−ρˆR+
)
+
1
4
(
R−R+ρˆ+ ρˆR−R+ − 2R+ρˆR−
)}
. (121)
The master equation (121) enables to obtain equations of motion for the
expectation value of an arbitrary combination of the transformed operators
R. In particular, the master equation leads to simple equations of motion
for the expectation values required to calculate the normalized second-order
correlation function. The required equations of motion are given by
d
dt
〈Rz〉 = −1
2
Γ 〈Rz〉 ,
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Figure 8: The normalised second-order correlation function g(2) (τ) as a func-
tion of τ and different Ω; Ω = 2.5Γ (solid line), Ω = 10Γ (dashed line).
d
dt
〈R±〉 = −
(
3
4
Γ± iΩ
)
〈R±〉 ,
d
dt
〈R+R+〉 = −
(
5
2
Γ + 2iΩ
)
〈R+R+〉 . (122)
The solution of these decoupled differential equations is straightforward. Per-
forming the integration and applying the quantum regression theorem [118],
we obtain from Eqs. (122) and (112) the following solution for the normalized
second-order correlation function [84, 125]
g(2) (τ) ≡ lim
t→∞
g(2)
(
~R1, t; ~R2, t+ τ
)
= 1 +
1
32
exp
(
−3
2
Γτ
)
+
3
32
exp
(
−5
2
Γτ
)
cos (2Ωτ)− 3
8
exp
(
−3
4
Γτ
)
cos (Ωτ) .(123)
The correlation function g(2) (τ) is shown in Fig. 8 as a function of τ for
different Ω. For τ = 0, the correlation function g(2) (0) = 0.75, showing
the photon anticorrelation in the emitted fluorescence field. As τ increases,
the correlation function increases (g(2) (τ) > g(2) (0)), which reflects photon
antibunching in the emitted field. However, the photon anticorrelation in the
two-atom fluorescence field is reduced compared to that for a single atom, for
which g(2) (0) = 0. This result indicates that the collective damping reduces
the photon anticorrelations in the emitted fluorescence field.
As we have mentioned above, in the Dicke model the dipole-dipole in-
teraction between the atoms is ignored. This approximation has no justifi-
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cation, since for small interatomic separations the dipole-dipole parameter
Ω12, which varies as (k0r12)
−3, is very large and goes to infinity as r12 goes
to zero (see Fig. 1). Moreover, the Dicke model does not correspond to the
experimentally realistic systems in which atoms are separated by distances
comparable to the resonant wavelength. Ficek et al. [84] and Lawande et
al. [126] have shown that the dipole-dipole interaction does not considerably
affect the anticorrelation effect predicted in the Dicke model. Richter [127]
has shown that the value g(2) (0) = 0.75 can in fact be reduced such that
even the complete photon anticorrelation g(2) (0) = 0 can be obtained, if the
dipole-dipole is included and the laser frequency is detuned from the atomic
transition frequency. To show this, we calculate the normalized second-order
correlation function (112) for the steady-state fluorescence field from two
identical atoms (N = 2), and τ = 0. In this case, the correlation func-
tion (112) with Eqs. (117) and (118) can be written as
g(2) (0) =
2U
{
1 + cos
[
k~r12 ·
(
R¯1 − R¯2
)]}
[
1 +W cos
(
k~r12 · R¯1
)] [
1 +W cos
(
k~r12 · R¯2
)] , (124)
where U and W are the steady-state atomic correlation functions
U =
〈S+1 S+2 S−1 S−2 〉
〈S+1 S−1 + S+2 S−2 〉2
, W =
〈S+1 S−2 + S+2 S−1 〉
〈S+1 S−1 + S+2 S−2 〉
. (125)
The steady-state correlation functions are easily obtained from the master
equation (42). We can simplify the solutions assuming that the atoms are
in equivalent positions in the driving field, which can be achieved by propa-
gating the laser field in the direction perpendicular to the interatomic axis.
In this case we get analytical solutions, otherwise for ~kL · ~r12 6= 0 numerical
methods are more appropriate [90, 91, 128]. With ~kL · ~r12 = 0 the master
equation (42) leads to a closed set of nine equations of motion for the atomic
correlation functions. This set of equations can be solved exactly in the
steady-state [129], and the solutions for U and W are
U =
Ω4 + (Γ2 + 4∆2L)Ω
2 + (Γ2 + 4∆2L)
[
1
4
(Γ + Γ12)
2 + (∆L − Ω12)2
]
(Γ2 + 4∆2L + 2Ω
2)
2 ,
W =
(Γ2 + 4∆2L)
(Γ2 + 4∆2L + 2Ω
2)
. (126)
One can see from Eqs. (124) and (126) that there are two different processes
which can lead to the total anticorrelation, g(2) (0) = 0. The first one involves
an observation of the fluorescence field with two detectors located at different
points. If the correlation function is measured using two detectors, R¯1 6= R¯2,
and then we obtain g(2) (0) = 0 whenever the positions of the detectors are
such that {
1 + cos
[
k~r12 ·
(
R¯1 − R¯2
)]}
= 0 , (127)
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which happens when
k~r12 ·
(
R¯1 − R¯2
)
= (2n+ 1)π , n = 0,±1,±2 . . . (128)
In other words, two photons can never be simultaneously detected at two
points separated by an odd number of λ/2r12, despite the fact that one
photon can be detected anywhere. This complete anticorrelation effect is
due to spatial interference between different photons and reflects the fact
that one photon must have come from one source and one from the other,
but we cannot tell which came from which.
It should be emphasised that this effect is independent of the interatomic
interactions and the Rabi frequency of the driving field. The vanishing of
g(2) (0) for two photons at widely separated points ~R1 and ~R2 is an example
of quantum-mechanical nonlocality, that the outcome of a detection mea-
surement at ~R1 appears to be influenced by where we have chosen to locate
the ~R2 detector. At certain positions ~R2 we can never detect a photon at
~R1 when there is a photon detected at ~R2, whereas at other position ~R2 it
is possible. The photon correlation argument shows clearly that quantum
theory does not in general describe an objective physical reality independent
of observation.
The second process involves the shift of the collective atomic states due
to the dipole-dipole interaction that can lead to g(2) (0) = 0 even if the
correlation function is measured with a single detector (R¯1 = R¯2) or two
detectors in configurations different from that given by Eq. (128). For a
weak driving field (Ω ≪ Γ) and large detunings such that ∆L = Ω12 ≫ Γ,
the correlation function (112) with R¯1 = R¯2 simplifies to
g(2) (0) ≈ (Γ + Γ12)
2
4∆2L
. (129)
Thus, a pronounced photon anticorrelation, g(2) (0) ≈ 0, can be obtained for
large detunings such that ∆L = Ω12, i.e., when the dipole-dipole interaction
shift of the collective states and the detuning cancel out mutually. The
correlation function g(2) (0) of the steady-state fluorescence field is illustrated
graphically in Fig. 9 as a function of ∆L for the single detector configuration
with R¯1 = R¯2 = R¯, and different r12. The graphs show that g
(2) (0) strongly
depends on ∆L, and the total photon anticorrelation can be obtained for
∆L = Ω12. Referring to Fig. 2, the condition ∆L = Ω12 corresponds to the
laser frequency tuned to the resonance with the |g〉 → |s〉 transition. Since
the other levels are far from the resonance, the two-atom system behaves like
a single two-level system with the ground state |g〉 and the excited state |s〉.
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Figure 9: The normalised second-order correlation function g(2) (0) as a func-
tion of ∆L for R¯1 = R¯2 = R¯, ~r12 ⊥ R¯, µ¯ ⊥ r¯12, Ω = 0.5Γ and different r12;
r12 = 10λ (solid line), r12 = 0.15λ (dashed line), r12 = 0.08λ (dashed-dotted
line).
5.2 Squeezing
To understand squeezed light, recall that the electric field amplitude ~E (~r)
may be expressed by positive- and negative-frequency parts
~E (~r) = ~E(+) (~r) + ~E(−) (~r) , (130)
where
~E(+) (~r) =
(
~E(−) (~r)
)†
= −i∑
~ks
(h¯ωk/2εoV )
1/2 e¯~ksaˆ~kse
i~k·~r , (131)
and ωk = c
∣∣∣~k∣∣∣ is the angular frequency of the mode ~k.
We introduce two Hermitian combinations (quadrature components) of
the field components that are π/2 out of phase as
~Eθ = ~E
(+)
(
~R
)
eiθ + ~E(−)
(
~R
)
e−iθ ,
~Eθ−π/2 = −i
(
~E(+)
(
~R
)
eiθ − ~E(−)
(
~R
)
e−iθ
)
, (132)
where
θ = ωt− ~k · ~R , (133)
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and ω is the angular frequency of the quadrature components.
The quadrature components do not commute, satisfying the commutation
relation [
~Eθ, ~Eθ−π/2
]
= 2iC , (134)
where C is a positive number
C =
∑
~ks
|h¯ωk/2εoV | . (135)
Hence the two quadrature components cannot be simultaneously precisely
measured, and from the Heisenberg uncertainty principle, we find that the
variances
〈
∆ ~E2θ
〉
and
〈
∆ ~E2θ−π/2
〉
satisfy the inequality
〈
∆ ~E2θ
〉 〈
∆ ~E2θ−π/2
〉
≥ C2 , (136)
where the equality holds for a minimum uncertainty state of the field.
The variances
〈
∆ ~E2θ
〉
and
〈
∆ ~E2θ−π/2
〉
depend on the state of the field
and can be larger or smaller than C. A chaotic state of the field leads to the
variances in both components larger than C:〈
∆ ~E2θ
〉
≥ C and
〈
∆ ~E2θ−π/2
〉
≥ C . (137)
If the field is in a coherent or vacuum state〈
∆ ~E2θ
〉
=
〈
∆ ~E2θ−π/2
〉
= C , (138)
which is an example of a minimum uncertainty state.
A squeezed state of the field is defined to be one in which the variance in
one of the two quadrature components is less than that for the vacuum field〈
∆ ~E2θ
〉
< C or
〈
∆ ~E2θ−π/2
〉
< C . (139)
The variances can be expressed as〈
∆ ~E2θ
〉
= C +
〈
: ∆ ~E2θ :
〉
,〈
∆ ~E2θ−π/2
〉
= C +
〈
: ∆ ~E2θ−π/2 :
〉
, (140)
where the colon stands for normal ordering of the operators.
As the squeezed state has been defined by the requirement that either〈
∆ ~E2θ
〉
or
〈
∆ ~E2θ−π/2
〉
be below the vacuum level C, it follows immediately
from Eq. (140) that either
〈
: ∆ ~E2θ :
〉
< 0 or
〈
: ∆ ~E2θ−π/2 :
〉
< 0 (141)
for the field in a squeezed state.
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We now determine the relation between variances in the field and the
atomic dipole operators. Using Eq. (116), which relates the field operators
to the atomic dipole operators, we obtain
〈
: ∆ ~E2α :
〉
= u
(
~R
) [
〈(∆Sα)2〉+ 1
2
〈S3〉
]
, (142)
where α = θ, θ − π/2, Sα and S3 are real (phase) operators defined as
Sθ =
1
2
(
S+θ + S
−
θ
)
, Sθ−π/2 =
1
2i
(
S+θ − S−θ
)
, (143)
and
S3 =
1
2
[
S+θ , S
−
θ
]
, (144)
with
S±θ =
N∑
i=1
S±i exp
[
±i
(
kR¯ · ~ri − θ
)]
. (145)
We first consider quantum fluctuations in the fluorescence field emitted
by two identical atoms in the Dicke model. To simplify the calculations we
will treat only the case of zero detuning, ∆L = 0. Assuming that initially
(t = 0) the atoms were in their ground states, we find from Eqs. (122) and
(142) the following expressions for the time-dependent variances [130]
Fθ=0 (t) ≡
〈
: ∆ ~E2θ=0 :
〉
/
(
2u(~R)
)
=
1
3
− 1
8
exp
(
−5
2
Γt
)
cos (2Ωt)
+
1
24
exp
(
−3
2
Γt
)
− 1
2
exp
(
−3
2
Γt
)
sin2 (Ωt)
− 1
4
exp
(
−3
4
Γt
)
cos (Ωt) , (146)
and
Fθ=π/2 (t) ≡
〈
: ∆ ~E2θ=π/2 :
〉
/
(
2u(~R)
)
=
1
3
− 1
12
exp
(
−3
2
Γt
)
− 1
4
exp
(
−3
4
Γt
)
cos (Ωt) . (147)
In writing Eqs. (146) and (147), we have assumed that the angular frequency
of the quadrature components is equal to the laser frequency, ω = ωL, and
we have normalised the variances such that F (t) determines fluctuations per
atom. It is easily to show that the variance Fθ=π/2 (t) is positive for all
times t, and squeezing (Fθ < 0) can be observed in the variance Fθ=0 (t).
The time dependence of the variance Fθ=0 (t) is shown in Fig. 10 for two
different values of the Rabi frequency. It is seen that squeezing appears in the
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Figure 10: The variance Fθ=0 (t) as a function of time for different Ω; Ω =
100Γ (solid line), Ω = 200Γ (dashed line).
transient regime of resonance fluorescence and its maximum value (minimum
of F ) moves towards shorter times as Ω increases. The optimum squeezing
reaches a value of −1/16 at a very short time. This value is equal to the
maximum possible squeezing in a single two-level atom [107, 131, 132, 133].
Thus, the collective damping does not affect squeezing in the two-atom Dicke
model. This is in contrast to the photon anticorrelation effect which is greatly
reduced by the collective damping.
Figure 10 shows that in the two-atom Dicke model there is no squeezing
in the steady-state resonance fluorescence when the atoms are excited by
a strong laser field. Ficek et al. [129] and Richter [134] have shown that
similarly as in the case of photon anticorrelations, a large squeezing can be
obtained in the steady-state resonance fluorescence from a strongly driven
two-atom system, if the dipole-dipole interaction is included and the laser
frequency is detuned from the atomic transition frequency. This is shown
in Fig. 11, where we plot Fθ=0, calculated from Eq. (142) and the master
equation (42), for the steady-state resonance fluorescence from two identical
atoms, with ~r12 ⊥ R¯, Ω = 0.5Γ, ~kL · ~r12 = 0 and different r12. It is evident
from Fig. 11 that a large squeezing can be obtained for a finite ∆L and its
maximum shifts towards larger ∆L as the interatomic separation decreases.
Similar as in the case of photon anticorrelations, the maximum squeezing
appears at ∆L = Ω12, and can again be attributed to the shift of the collective
energy states due to the dipole-dipole interaction.
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Figure 11: The steady-state variance Fθ=0 as a function of ∆L for ~r12 ⊥ R¯,
µ¯ ⊥ r¯12, Ω = 0.5Γ, ~kL · ~r12 = 0 and different r12; r12 = 10λ (solid line),
r12 = 0.15λ (dashed line), r12 = 0.08λ (dashed-dotted line).
The variance Fθ=0, shown in Fig. 11, exhibits not only the large squeezing
at finite detuning ∆L, but also a small squeezing near ∆L = 0. In contrast
to the squeezing at finite ∆L, which has a clear physical interpretation, the
source of squeezing at ∆L is not easy to understand. To find the source of
squeezing at ∆L = 0, we simplify the calculations assuming that the angular
frequency of the quadrature components ω = ωL and the fluorescence field
is observed in the direction perpendicular to the interatomic axis, R¯ ⊥ ~r12.
In this case, the variance
〈
: ∆ ~E2α :
〉
, written in terms of the density matrix
elements of the collective system, is given by [135]
Fα ≡
〈
: ∆ ~E2α :
〉
/
(
2u(~R)
)
=
1
4
{
2ρee + 2ρss + ρege
2iα + ρgee
−2iα
−
[
(ρes + ρsg) e
iα + (ρse + ρgs) e
−iα
]2}
.(148)
This equation shows that the variance depends on phase α not only through
the one-photon coherences ρes and ρsg, but also through the two-photon
coherences ρeg and ρge. This dependence suggests that there are two different
processes that can lead to squeezing in the two-atom system. The one-
photon coherences cause squeezing near one-photon resonances |e〉 → |s〉
and |s〉 → |g〉, whereas the two-photon coherences cause squeezing near the
two-photon resonance |g〉 → |e〉.
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To show this, we calculate the steady-state populations and coherences
from the master equation (42). We use the set of the collective states (63)
as an appropriate representation for the density operator
ρˆ =
∑
ij
ρij|i〉〈j|, i, j = g, s, a, e , (149)
where ρij are the density matrix elements in the basis of the collective states.
After transforming to the collective state basis, the master equation (42)
leads to a closed system of fifteen equations of motion for the density matrix
elements [84]. However, for a specifically chosen geometry for the driving
field, namely that the field is propagated perpendicularly to the atomic axis
(~kL · ~r12 = 0), the system of equations decouples into nine equations for
symmetric and six equations for antisymmetric combinations of the density
matrix elements [84, 85, 90, 91, 127, 128]. In this case, we can solve the
system analytically, and find that the steady-state values of the populations
and coherences are [84, 127]
ρee = ρaa =
Ω˜4
Z
, ρss =
Ω˜2 (Γ2 + 4∆2L) + Ω˜
4
Z
,
ρes = iΩ˜
3 (Γ + 2i∆L) /Z ,
ρsg = −iΩ˜
{
ΓΩ˜
(
Ω˜ + 2i∆L
)
+
(
Γ2 + 4∆2L
) [1
2
(Γ + Γ12) + i (∆L − Ω12)
]}
/Z ,
ρeg = Ω˜
2 (Γ + 2i∆L)
[
1
2
(Γ + Γ12) + i (∆L − Ω12)
]
/Z , (150)
where
Z = 4Ω˜4 +
(
Γ2 + 4∆2L
){
2Ω˜2 +
[
1
4
(Γ + Γ12)
2 + (∆L − Ω12)2
]}
, (151)
and Ω˜ = Ω/
√
2.
Near the one-photon resonance |s〉 → |g〉 the detuning ∆L = Ω12, and
assuming that Ω12 ≫ Ω,Γ, the coherences reduce to
ρes =
Ω˜
8Ω12
, ρsg =
−i (Γ + Γ12)
4Ω˜
, ρeg =
i (Γ + Γ12)
8Ω12
. (152)
It is clear from Eq. (152) that near the |g〉 → |s〉 resonance the coherence
ρsg is large, whereas the two-photon coherence is of order of Ω
−1
12 and thus is
negligible for large Ω12.
Near two-photon resonance, ∆L ≈ 0, and it follows from Eq. (150) that
in the limit of Ω12 ≫ Ω,Γ the coherences reduce to
ρes =
iΩ˜3
ΓΩ212
, ρsg = − Ω˜
Ω12
, ρeg = − iΩ˜
2
ΓΩ12
. (153)
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Figure 12: The steady-state variance Fα as a function of ∆L for r12 = 0.05λ,
Ω = 3Γ, R¯ ⊥ ~r12, µ¯ ⊥ r¯12 and different phases α: α = π/2 (dashed line),
α = 3π/4 (solid line).
In this regime, the coherences ρsg and ρeg are of order of magnitude Ω
−1
12 ,
but ρeg dominates over the one-photon coherence ρsg when the driving field
is strong [136].
The steady-state variance Fα, calculated from Eqs. (148) and (150), is
plotted in Fig. 12 as a function of ∆L for r12 = 0.05λ, Ω = 3Γ, R¯ ⊥ ~r12
and different phases α. The variance shows a strong dependence on α near
the one- and two-photon resonances. Moreover, a large squeezing is found
at these resonances. It is also seen that near the two-photon resonance a
change by π/4 of the phase α changes a dispersion-like structure of Fα into
an absorption-like type. According to Eqs. (148) and (150), the variance Fα
for Ω12 ≫ Ω≫ Γ, can be written as
Fα =
Ω2
Ω12
[
∆L
(Γ2 + 4∆2L)
cos 2α +
Γ
(Γ2 + 4∆2L)
sin 2α
]
, (154)
where we retained only those terms which contribute near the two-photon
resonance. Equation (154) predicts a dispersion-like structure for α = 0 or
π/2, and an absorption-like structure for α = π/4. Moreover, we see that
the presence of the dipole-dipole interaction is essential to obtain squeezing
near the two-photon resonance. The emergence of an additional dipole-dipole
interaction induced squeezing is a clear indication of a totally different process
which can appear in a two-atom system. The dipole-dipole interaction shifts
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the collective states that induces two-photon transitions responsible for the
origin of the two-photon coherence.
6 Quantum interference of optical fields
In the classical theory of optical interference the EM field is represented by
complex vectorial amplitudes ~E(~R, t) and ~E∗(~R, t), and the first- and second-
order correlation functions are defined in a similar way as the correlation
functions (113) and (114) of the field operators ~E(+)(~R, t) and ~E(−)(~R, t).
This could suggest that the only difference between the classical and quan-
tum correlation functions is the classical amplitudes ~E∗(~R, t) and ~E(~R, t)
are replaced by the field operators ~E(−)(~R, t) and ~E(+)(~R, t). This is true
as long as the first-order correlation functions (coherences) are considered,
where the interference effects do not distinguish between the quantum and
classical theories of the EM field [137]. However, there are significant dif-
ferences between the classical and quantum descriptions of the field in the
properties of the second-order correlation function [86, 138].
6.1 First-order interference
The simplest system in which the first-order interference can be demonstrated
is the Young’s double slit experiment in which two light beams of amplitudes
~E1(~r1, t1) and ~E2(~r2, t2), produced at two slits located at ~r1 and ~r2, respec-
tively, incident on a detector located at a point ~R far away from the slits.
The resulting average intensity of the two fields measured by the detector
can be written as [86]
〈I(~R, t)〉 = σ
{
〈I1(~R1, t− t1)〉+ 〈I2(~R2, t− t2)〉
+2Re
〈
~E∗1(
~R1, t− t1) ~E2(~R2, t− t2)
〉}
, (155)
where σ is a constant that depends on the geometry and the size of the slits,
and Ii(~Ri, t− ti) =
〈
~E∗i (
~Ri, t− ti) ~Ei(~Ri, t− ti)
〉
.
If the observation point ~R lies in the far field zone of the radiation emitted
by the slits, the fields at the observation point can be approximated by plane
waves for which we can write
~Ei(~Ri, t− ti) ≈ ~Ei(~R, t) exp
[
−i
(
ωit− kiR¯ · ~ri + φi
)]
, (156)
where ki = ωi/c, ωi is the angular frequency of the ith field and φi is its
initial phase.
For perfectly correlated fields with equal amplitudes and frequencies, and
fixed the phase difference φ1 − φ2, the average intensity detected at the
point ~R is given by
〈I(~R, t)〉 = 2σ〈I0〉
(
1 + cos kR¯ · ~r12
)
, (157)
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where I0 = I1 = I2.
Equation (157) shows that the average intensity depends on the position
R¯ of the detector, and small changes in the position ~R of the detector lead
to minima and maxima in the detected intensity. The usual measure of
the minima and maxima of the intensity, called the interference fringes or
interference pattern, is a visibility defined as
V = Imax − Imin
Imax + Imin
, (158)
where Imax corresponds to cos(kR¯ · ~r12) = 1, whereas Imin corresponds to
cos(kR¯·~r12) = −1 of the field intensity (157). The visibility of the interference
fringes corresponds to the degree of coherence between two fields. Hence,
two classical fields of equal amplitudes and frequencies, and fixed the phase
difference produce maximum possible interference pattern with the maximum
visibility of 100%.
For a quantum field, the electric field components can be expressed in
terms of plane waves as
~E(+) (~r, t) =
(
~E(−) (~r, t)
)†
= −i∑
~ks
(
h¯ωk
2ǫ0V
) 1
2
e¯~ksaˆ~kse
i(~k·~r−ωkt) , (159)
where V is the volume occupied by the field, aˆ~ks is the annihilation operator
for the ~kth mode of the field of the polarization e¯~ks and ωk is the angular
frequency of the mode.
It is easily to show, that in the case of interference of quantum fields,
the average intensity detected at the point ~R has the same form as for the
classical fields, Eq. (157), with 〈I0〉 given by
〈I0〉 =
∑
~ks
h¯ωk
2ǫ0V
〈nˆ~ks〉 , (160)
where 〈nˆ~ks〉 = 〈aˆ†~ksaˆ~ks〉 is the average number of photons in the mode ~k.
Thus, interference effects involving the first-order coherences cannot dis-
tinguish between the quantum and classical theories of the EM field.
6.2 Second-order interference
The second-order correlation function has completely different coherence
properties than the first-order correlation function. An interference pattern
can be observed in the second-order correlation function even if the fields are
produced by two independent sources for which the phase difference φ1− φ2
is completely random [139, 140]. In this case the second-order correlation
function, observed at two points ~R1 and ~R2, is given by [138]
G(2)(~R1, t1; ~R2, t2) = 〈I21 (t1)〉+ 〈I22 (t2)〉+ 2〈I1 (t1) I2 (t2)〉
+ 2〈I1 (t1) I2 (t2)〉 cos
[
k~r12 ·
(
R¯1 − R¯2
)]
. (161)
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Clearly, the second-order correlation function of two independent fields ex-
hibits a cosine modulation with the separation ~R1− ~R2 of the two detectors.
This is an interference although it involves a correlation function that is of
the second order in the intensity. Similar to the first-order correlation func-
tion, the sharpness of the fringes depends on the relative intensities of the
fields. For classical fields of equal intensities, I1 = I2 = I0, the correlation
function (161) reduces to
G(2)(~R1, t; ~R2, t) = 4〈I20 〉
{
1 +
1
2
cos
[
k~r12 ·
(
R¯1 − R¯2
)]}
. (162)
In analogy to the visibility in the first-order correlation function, we can
define the visibility of the interference pattern of the intensity correlations as
V(2) = G
(2)
max −G(2)min
G
(2)
max +G
(2)
min
, (163)
and find from Eq. (162) that in the case of classical fields an interference
pattern can be observed with the maximum possible visibility of V(2) = 1/2.
Thus, two independent fields of random and uncorrelated phases can exhibit
an interference pattern in the intensity correlation with a maximum visibility
of 50%.
As an example of second-order interference with quantum fields, consider
the simple case of two single-mode fields of equal frequencies and polariza-
tions. Suppose that there are initially n photons in the field E1 and m
photons in the field E2, and the state vectors of the fields are the Fock states
|ψ1〉 = |n〉 and |ψ2〉 = |m〉. The initial state of the two fields is the direct
product of the single-field states, |ψ〉 = |n〉|m〉. Inserting Eq. (159) into
Eq. (113) and taking the expectation value with respect to the initial state
of the fields, we find
G(2)
(
~R1, t1; ~R2, t2
)
=
(
h¯ω
2ǫ0V
)2
{n (n− 1) +m (m− 1)
+2nm
[
1 + cos k~r12 ·
(
R¯1 − R¯2
)]}
. (164)
We note that the first two terms on the right-hand side of Eq. (164) vanish
when the number of photons in each field is smaller than 2, i.e. n < 2 and
m < 2. In this limit the correlation function (164) reduces to
G(2)
(
~R1, t1; ~R2, t2
)
= 2
(
h¯ω
2ǫ0V
)2 [
1 + cos k~r12 ·
(
R¯1 − R¯2
)]
. (165)
Thus, perfect interference pattern with the visibility V(2) = 1 can be observed
in the second-order correlation function of two quantum fields each containing
only one photon. According to Eq. (162), the classical theory predicts only
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a visibility of V(2) = 0.5. For n,m≫ 1, the first two terms on the right-hand
side of Eq. (164) are different from zero (m(m − 1) ≈ n(n − 1) ≈ n2), and
then the quantum correlation function (164) reduces to that of the classical
field.
The visibility of the interference pattern of the intensity correlations pro-
vides a means of testing for quantum correlations between two light fields.
Mandel et al. [141, 142, 143] have measured the visibility in the interference
of signal and idler modes simultaneously generated in the process of degen-
erate parametric down conversion, and observed a visibility of about 75%,
that is a clear violation of the upper bound of 50% allowed by classical cor-
relations. Richter [144] have extended the analysis of the visibility into the
third-order correlation function, and have also found significant differences in
the visibility of the interference pattern of the classical and quantum fields.
6.3 Quantum interference in two-atom systems
In the Young’s interference experiment the slits can be replaced by two atoms
and interference effects can be observed between coherent or incoherent fields
emitted from the atoms. The advantage of using atoms instead of slits is that
a given time each atom cannot emit more than one photon. Therefore, the
atoms can be regarded as sources of single photon fields.
Using Eq. (116), we can write the visibility as
V =
〈
S+1 S
−
2 + S
+
2 S
−
1
〉
〈
S+1 S
−
1 + S
+
2 S
−
2
〉 , (166)
which shows that the interference effects can be studied in terms of the atomic
correlation functions.
There have been several theoretical studies of the fringe visibility in
the fluorescence field emitted by two coupled atoms [145], and the Young’s
interference-type pattern has recently been observed experimentally in the
resonance fluorescence of two trapped ions [13]. The experimental results
have been explained theoretically by Wong et al. [146], and can be under-
stood by treating the ions as independent radiators which are synchronized
by the constant phase of the driving field. It has been shown that for a weak
driving field, the fluorescence field is predominantly composed of an elastic
component and therefore the ions behave as point sources of coherent light
producing an interference pattern. Under strong excitation the fluorescence
field is mostly composed of the incoherent part and consequently there is no
interference pattern. To show this, we consider a two-atom system driven by
a coherent laser field propagating in the direction perpendicular to the in-
teratomic axis. In this case, we can use the master equation (42) and obtain
the analytical formula for the fringe visibility of the steady-state fluorescence
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field as [147]
V =
(Γ2 + 4∆2L)
(Γ2 + 4∆2L) + 2Ω
2
. (167)
It is seen that in this specific case, the visibility is positive for all param-
eter values and is independent of the interatomic interactions. For a weak
driving field, Ω ≪ Γ,∆L, the fringe visibility |V | ≈ 1, whereas |V | ≈ 0
for Ω ≫ Γ,∆L, showing that and there is no interference pattern when the
atoms are driven by a strong field. For moderate Rabi frequencies, Ω ≈ Γ,
the visibility may be improved by detuning the laser field from the atomic
resonance. Kochan et al. [148] have shown that the interference pattern of
the strongly driven atoms can also be improved by placing the atoms inside
an optical cavity. The coupling of the atoms to the cavity mode induces
atomic correlations which improves the fringe visibility.
Here, we derive general criteria for the first- and second-order interfer-
ence in the fluorescence field emitted from two two-level atoms. Using these
criteria, we can easily predict conditions for quantum interference in the two
atom system. In this approach, we apply the collective states of a two-atom
system, and write the atomic correlation functions in terms of the density
matrix elements of the collective system as〈
S+1 S
−
1
〉
+
〈
S+2 S
−
2
〉
= ρss + ρaa + 2ρee ,〈
S+1 S
−
2
〉
=
1
2
(ρss − ρaa + ρas − ρsa) ,〈
S+1 S
+
2 S
−
1 S
−
2
〉
= ρee , (168)
where ρii(i = a, s, e) are the populations of the collective states and ρsa, ρas
are coherences.
From the relations (168), we find that in terms of the density matrix
elements the first-order correlation function can be written as
G(1)
(
~R, t
)
= Γu(~R)
{
2ρee (t) + ρss (t)
(
1 + cos kR¯ · ~r12
)
+ ρaa (t)
(
1− cos kR¯ · ~r12
)
+ i (ρsa (t)− ρas (t)) sin kR¯ · ~r12
}
, (169)
and the second-order correlation function takes the form
G(2)
(
~R1, t; ~R2, t
)
= 4Γ2u(~R1)u(~R2)
× ρee (t)
[
1 + cos k
(
R¯1 − R¯2
)
· ~r12
]
. (170)
It is evident from Eq. (169) that first-order correlation function can exhibit an
interference pattern only if ρss 6= ρaa and/or Im(ρsa) 6= 0. This happens when
〈e1|〈g2|ρˆ|e2〉|g1〉 and 〈g1|〈e2|ρˆ|g2〉|e1〉 are different from zero, i.e. when there
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are nonzero coherences between the atoms. Scho¨n and Beige [82] have arrived
to the same conclusion using the quantum jump method. On the other hand,
the second-order correlation function is independent of the populations of
the entangled states ρss, ρaa and the coherences, and exhibit an interference
pattern when ρee(t) 6= 0.
We now examine some specific processes in which one can create unequal
populations of the |s〉 and |a〉 states. Dung and Ujihara [149] have shown
that spontaneous emission from two identical atoms, with initially only one
atom excited, can exhibit an interference pattern. Their results can be easily
interpreted in terms of the populations ρss(t) and ρaa(t). If initially only one
atom was excited; ρee(0) = 0 and ρss(0) = ρaa(0) = ρsa(0) = ρas(0) =
1
2
.
Using the master equation (42) with Ω1 = Ω2 = 0, we find that the time
evolution of the populations ρss(t) and ρaa(t) is given by
ρss (t) = ρss (0) exp [− (Γ + Γ12) t] ,
ρaa (t) = ρaa (0) exp [− (Γ− Γ12) t] . (171)
Since the populations decay with different rates, the symmetric state decays
with an enhanced rate Γ + Γ12, while the antisymmetric state decays with a
reduced rate Γ−Γ12, the populations ρaa(t) is larger than ρss(t) for all t > 0.
Hence, an interference pattern can be observed for t > 0. This effect arises
from the presence of the interatomic interactions (Γ12 6= 0). Thus, for two
independent atoms the populations decay with the same rate resulting in the
disappearance of the interference pattern.
When the atoms are driven by a coherent laser field, an interference pat-
tern can be observed even in the absence of the interatomic interactions. To
show this, we consider the steady-state solutions (150) for the populations
of the collective atomic states. It is evident from Eq. (150) that ρss > ρaa
even in the absence of the interatomic interactions (Γ12 = Ω12 = 0). Hence,
an interference pattern can be observed even for two independent atoms. In
this case the interference pattern results from the coherent synchronization
of the oscillations of the atoms by the constant coherent phase of the driving
laser field.
We have shown that the first-order coherence is sensitive to the inter-
atomic interactions and the excitation field. In contrast, the second-order
correlation function can exhibit an interference pattern independent of the
interatomic interactions and the excitation process [150, 151, 152]. According
to Eq.(170), to observe an interference pattern in the second-order correla-
tion function, it is enough to produce a non-zero population in the state
|e〉. The interference results from the detection process that a detector does
not distinguish between two simultaneously detected photons. As an exam-
ple, consider spontaneous emission from two identical and also nonidentical
atoms with initially both atoms excited.
For two identical atoms, we can easily find from Eqs. (42) and (170),
and the quantum regression theorem [118], that the two-time second-order
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correlation function is given by
G(2)
(
~R1, t; ~R2, t+ τ
)
=
1
2
Γ2u(~R1)u(~R2) exp [−Γ (2t+ τ)]
×
{[
1 + cos
(
kR¯1 · ~r12
)
cos
(
kR¯2 · ~r12
)]
cosh (Γ12τ)
−
[
cos
(
kR¯1 · ~r12
)
+ cos
(
kR¯2 · ~r12
)]
sinh (Γ12τ)
+ sin
(
kR¯1 · ~r12
)
sin
(
kR¯2 · ~r12
)
cos (2Ω12τ)
}
. (172)
The above equation shows that the two-time second-order correlation func-
tion exhibits a sinusoidal modulation in space and time. This modulation
can be interpreted both in terms of interference fringes and quantum beats.
The frequency of quantum beats is 2Ω12 and the amplitude of these beats
depends on the direction of observation in respect to the interatomic axis.
The quantum beats vanish for directions θ1 = 90
o or θ2 = 90
o, where θ1(θ2)
is the angle between ~r12 and R¯1(R¯2), and the amplitude of the beats has
its maximum for two photons detected in the direction θ1 = θ2 = 0
o. This
directional effect is connected with the fact that the antisymmetric state |a〉
does not radiate in the direction perpendicular to the interatomic axis. We
will discuss this directional effect in more details in Sec. 8.1. For independent
atoms, Γ12 = 0,Ω12 = 0, and then the correlation function (172) reduces to
G(2)
(
~R1, t; ~R2, t+ τ
)
=
1
2
Γ2u(~R1)u(~R2) exp [−Γ (2t+ τ)]
×
[
1 + cos k
(
R¯1 − R¯2
)
· ~r12
]
, (173)
which shows that the time modulation vanishes. This implies that quantum
beats are absent in spontaneous emission from two independent atoms, but
the spatial modulation is still present.
The situation is different for two nonidentical atoms. In this case, the
two-time second-order correlation function exhibits quantum beats even if the
atoms are independent. For Γ12 = 0 and Ω12 = 0, the master equation (42)
leads to the following correlation function
G(2)
(
~R1, t; ~R2, t+ τ
)
=
1
2
Γ2u(~R1)u(~R2) exp [−Γ (2t+ τ)]
×
{
cosh
1
2
(Γ2 − Γ1) τ
+ cos
[
k
(
R¯1 − R¯2
)
· ~r12 − 2∆τ
]}
. (174)
Thus, for independent nonidentical atoms, the correlation function shows a
sinusoidal modulation both in space and time. We note that the modula-
tion term in Eq. (174) is the same as that obtained by Mandel [153], who
considered the second-order correlation function for two beams emitted by
independent lasers.
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7 Selective excitation of the collective atomic
states
In the previous section, we have shown that nonclassical effects in coher-
ently driven two-atom systems reflect the preparation of the system in a
superposition of two collective states. In particular, for the total photon
anticorrelation and maximum squeezing, the two-atom system is in a super-
position of the ground and the entangled symmetric states. The other states
are not populated. We now consider excitation processes which can lead to
a preparation of the two-atom system in only one of the collective states. In
particular, we will focus on processes which can prepare the two-atom system
in the entangled symmetric state |s〉. Our main interest, however, is in the
preparation of the system in the maximally entangled antisymmetric state
|a〉 which, under the condition Γ12 =
√
Γ1Γ2, is a decoherence-free state. The
central idea is to choose the distance between the atoms such that the re-
sulting level shift is large enough to consider the possible transitions between
the collective states separately. This will allow to make a selective excitation
of the symmetric and antisymmetric states and therefore to create controlled
entanglement between the atoms.
7.1 Preparation of the symmetric state by a pulse laser
Beige et al. [154] have shown that a system of two identical two-level atoms
may be prepared in the symmetric state |s〉 by a short laser pulse. The
conditions for a selective excitation of the collective atomic states can be
analyzed from the interaction Hamiltonian of the laser field with the two-
atom system. We make the unitary transformation
H˜L = e
iHˆat/h¯HˆLe
−iHˆat/h¯ , (175)
where
Hˆa = h¯ {∆L (|e〉〈e| − |g〉〈g|) + (∆L + Ω12) |s〉〈s|
+ (∆L − Ω12) |a〉〈a|} , (176)
and find that in the case of identical atoms, Γ1 = Γ2 and ∆ = 0, the trans-
formed interaction Hamiltonian H˜L is given by
H˜L = − h¯
2
√
2
{
(Ω1 + Ω2)
(
S+ese
i(∆L+Ω12)t + S+sge
i(∆L−Ω12)t
)
+ (Ω2 − Ω1)
(
S+age
i(∆L+Ω12)t + S+eae
i(∆L−Ω12)t
)
+ H.c.
}
. (177)
The Hamiltonian (177) represents the interaction of the laser field with the
collective two-atom system, and in the transformed form contains terms
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oscillating at frequencies (∆L ± Ω12), which correspond to the two sepa-
rate groups of transitions between the collective atomic states at frequencies
ωL = ω0 + Ω12 and ωL = ω0 − Ω12. The ∆L + Ω12 frequencies are separated
from ∆L − Ω12 frequencies by 2Ω12, and hence the two groups of the tran-
sitions evolve separately when Ω12 ≫ Γ. Depending on the frequency, the
laser can be selectively tuned to one of the two groups of the transitions.
When ωL = ω0 + Ω12 (∆L − Ω12 = 0) the laser is tuned to exact resonance
with the |e〉 − |a〉 and |g〉 − |s〉 transitions, and then the terms, appearing
in the Hamiltonian (177), and corresponding to these transitions have no
explicit time dependence. In contrast, the |g〉 − |a〉 and |e〉 − |s〉 transitions
are off-resonant and the terms corresponding to these transitions have an
explicit time dependence exp(±2iΩ12t). If Ω12 ≫ Γ, the off-resonant terms
rapidly oscillate with the frequency 2Ω12, and then we can make a secular
approximation in which we neglect all those rapidly oscillating terms. The
interaction Hamiltonian can then be written in the simplified form
H˜L = − h¯
2
√
2
[
(Ω1 + Ω2)S
+
sg + (Ω2 − Ω1)S+ea +H.c.
]
. (178)
It is seen that the laser field couples to the transitions with significantly
different Rabi frequencies. The coupling strength of the laser to the |g〉− |s〉
transition is proportional to the sum of the Rabi frequencies Ω1+Ω2, whereas
the coupling strength of the laser to the |a〉 − |e〉 transition is proportional
to the difference of the Rabi frequencies Ω1 − Ω2. According to Eq. (46)
the Rabi frequencies Ω1 and Ω2 of two identical atoms differ only by the
phase factor exp(i~kL · ~r12). Thus, in order to selectively excite the |g〉 − |s〉
transition, the driving laser field should be in phase with both atoms, i.e.
Ω1 = Ω2. This can be achieved by choosing the propagation vector ~kL of
the laser orthogonal to the line joining the atoms. Under this condition we
can make a further simplification and truncate the state vector of the system
into two states |g〉 and |s〉. In this two-state approximation we find from the
Schro¨dinger equation the time evolution of the population Ps(t) of the state
|s〉 as
Ps (t) = sin
2
(
1√
2
Ωt
)
, (179)
where Ω = Ω1 = Ω2.
The population oscillates with the Rabi frequency of the |s〉 − |g〉 tran-
sition and at certain times Ps(t) = 1 indicating that all the population is in
the symmetric state. This happens at times
Tn = (2n+ 1)
π√
2Ω
, n = 0, 1, . . . . (180)
Hence, the system can be prepared in the state |s〉 by simply applying a laser
pulse, for example, with the duration T0, that is a standard π pulse.
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The two-state approximation is of course an idealization, and a possibility
that all the transitions can be driven by the laser imposes significant limits
on the Rabi frequency and the duration of the pulse. Namely, the Rabi
frequency cannot be too strong in order to avoid the coupling of the laser to
the |s〉−|e〉 transition, which could lead to a slight pumping of the population
to the state |e〉. On the other hand, the Rabi frequency cannot be too small
as for a small Ω the duration of the pulse, required for the complete transfer
of the population into the state |s〉, becomes longer and then spontaneous
emission can occur during the excitation process. Therefore, the transfer
of the population to the state |s〉 cannot be made arbitrarily fast and, in
addition, requires a careful estimation of the optimal Rabi frequency, which
could be difficult to achieve in a real experimental situation.
7.2 Preparation of the antisymmetric state
7.2.1 Pulse laser
If we choose the laser frequency such that ∆L + Ω12 = 0, the laser field is
then resonant to the |a〉 − |g〉 and |e〉 − |s〉 transitions and, after the secular
approximation, the Hamiltonian (177) reduces to
H˜L = − h¯
2
√
2
[
(Ω2 − Ω1)S+ag + (Ω1 + Ω2)S+es +H.c.
]
. (181)
Clearly, for Ω1 = −Ω2 the laser couples only to the |a〉 − |g〉 transition.
Thus, in order to selectively excite the |g〉− |a〉 transition, the atoms should
experience opposite phases of the laser field. This can be achieved by choosing
the propagation vector ~kL of the laser along the interatomic axis, and the
atomic separations such that
~kL · ~r12 = (2n+ 1)π, n = 0, 1, 2, . . . , (182)
which corresponds to a situation that the atoms are separated by a distance
r12 = (2n+ 1)λ/2.
The smallest distance at which the atoms could experience opposite phases
corresponds to r12 = λ/2. However, at this particular separation the dipole-
dipole interaction parameter Ω12 is small, see Fig. 1, and then all of the
transitions between the collective states occur at approximately the same
frequency. In this case the secular approximation is not valid and we cannot
separate the transitions at ∆L + Ω12 from the transitions at ∆L − Ω12.
One possible solution to the problem of the selective excitation with op-
posite phases is to use a standing laser field instead of the running-wave
field. If the laser amplitudes differ by the sign, i.e. ~EL1 = −~EL2 = ~E0, and
~kL1 · ~r1 = −~kL2 · ~r2, the Rabi frequencies experienced by the atoms are
Ω1 =
2i
h¯
~µ1 · ~E0 sin
(
1
2
~kL · ~r12
)
,
61
Ω2 = −2i
h¯
~µ2 · ~E0 sin
(
1
2
~kL · ~r12
)
, (183)
where ~kL = ~kL1 =
~kL2 and we have chosen the reference frame such that
~r1 =
1
2
~r12 and ~r2 = −12~r12. It follows from Eq. (183) that the Rabi frequen-
cies oscillate with opposite phases independent of the separation between
the atoms. However, the magnitude of the Rabi frequencies decreases with
decreasing r12.
7.2.2 Indirect driving through the symmetric state
We now turn to the situation of non-identical atoms and consider different
possible processes of the population transfer to the antisymmetric state which
could be present even if the antisymmetric state does not decay to the ground
level. This can happen when Γ12 =
√
Γ1Γ2, i.e. when the separation between
the atoms is negligible small. Under this condition the antisymmetric state
is also decoupled from the driving field. According to Eq. (95), the antisym-
metric state can still be coupled, through the coherent interaction ∆c, to the
symmetric state |s〉. However, this coupling appears only for nonidentical
atoms.
From the master equation (42), we find that under the condition Γ12 =√
Γ1Γ2 the equation of motion for the population of the antisymmetric state
|a〉 is given by [19]
ρ˙aa =
(Γ1 − Γ2)2
Γ1 + Γ2
ρee + i∆c (ρsa − ρas)
−1
2
iΩ
(Γ1 − Γ2)√
Γ21 + Γ
2
2
(ρea − ρae) . (184)
The equation (184) shows that the non-decaying antisymmetric state |a〉 can
be populated by spontaneous emission from the upper state |e〉 and also by
the coherent interaction with the state |s〉. The first condition is satisfied
only when Γ1 6= Γ2, while the other condition is satisfied only when ∆c 6= 0.
Thus, the transfer of population to the state |a〉 from the upper state |e〉 and
the symmetric state |s〉 does not appear when the atoms are identical, but
is possible for nonidentical atoms.
We illustrate this effect in Fig. 13, where we plot the steady-state pop-
ulation of the maximally entangled state |a〉 as a function of ∆L for two
different types of nonidentical atoms. In the first case the atoms have the
same damping rates (Γ1 = Γ2) but different transition frequencies (∆ 6= 0),
while in the second case the atoms have the same frequencies (∆ = 0) but
different damping rates (Γ1 6= Γ2). It is seen from Fig. 13 that in both cases
the antisymmetric state can be populated even if is not directly driven from
the ground state. The population is transferred to |a〉 through the coherent
interaction ∆c which leaves the other excited states completely unpopulated.
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Figure 13: The steady-state population of the maximally entangled antisym-
metric state |a〉 for Ω = 10Γ1,Ω12 = 10Γ1 and Γ2 = Γ1,∆ = Γ1 (solid line),
Γ2 = 2Γ1,∆ = 0 (dashed line).
This is shown in Fig. 14, where we plot the steady-state populations ρss and
ρee of the states |s〉 and |e〉. It is apparent from Fig. 14 that at ∆L = −Ω12 the
states |s〉 and |e〉 are not populated. However, the population is not entirely
trapped in the antisymmetric state |a〉, but rather in a linear superposition
of the antisymmetric and ground states. This is illustrated in Fig. 15, where
we plot the steady-state population ρaa for the same parameters as in Fig. 14,
but different Ω. Clearly, for a small Ω the steady-state population ρaa ≈ 12 ,
and the amount of the population increases with increasing Ω. The popula-
tion ρaa attains the maximum value ρaa ≈ 1 for a very strong driving field.
This result shows that we can relatively easily prepare two nonidentical
atoms in the maximally entangled antisymmetric state. The closeness of the
prepared state to the ideal one is measured by the fidelity F . Here F is equal
to the obtained maximum population in the state |a〉. For Ω≫ Γ the fidelity
of the prepared state is maximal, equal to 1. As we have already mentioned,
the system has the advantage that the maximally entangled state |a〉 does
not decay, i.e. is a decoherence-free state.
7.2.3 Atom-cavity-field interaction
There have been several proposals to generate the antisymmetric state |a〉 in
a system of two identical atoms interacting with a single-mode cavity field.
In this case, collective effects arise from the interaction between the atoms
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Figure 14: The steady-state populations of the upper state |e〉 (solid line)
and the symmetric state |s〉 (dashed line) for Γ2 = Γ1,Ω = 10Γ1,Ω12 = 10Γ1
and ∆ = Γ1.
induced by a strong coupling of the atoms to the cavity mode. An excited
atom emits a photon into the cavity mode that is almost immediately ab-
sorbed by the second atom. Plenio et al. [155] have considered a system of
two atoms trapped inside an optical cavity and separated by a distance much
larger than the optical wavelength. This allows for the selective excitation of
only one of the atoms. In this scheme the generation of the antisymmetric
state relies on the concept of conditional dynamics due to continuous ob-
servation of the cavity field. If only one atom is excited and no photon is
detected outside the cavity, the atoms are prepared in a dark state [156],
which is equivalent to the antisymmetric state |a〉.
In earlier studies, Phoenix and Barnett [157], Kudrayvtsev and Knight [158]
and Cirac and Zoller [159] have analyzed two-atom Jaynes-Cummings models
for a violation of Bell’s inequality, and have shown that the atoms moving
across a single-mode cavity can be prepared in the antisymmetric state via
the interaction with the cavity field. In this scheme, the preparation of the
antisymmetric state takes place in two steps. In the first step, one atom
initially prepared in its excited state |e1〉 is sent through a single-mode cav-
ity being in the vacuum state |0〉c. During the interaction with the cavity
mode, the atomic population undergoes the vacuum Rabi oscillations, and
the interaction time was varied by selecting different atomic velocities. If the
velocity of the atom is such that the interaction time of the atom with the
cavity mode is equal to quarter of the vacuum Rabi oscillations, the state
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Figure 15: The steady-state population of the antisymmetric state |a〉 for
Γ2 = Γ1,Ω12 = 10Γ1,∆ = Γ1 and different Ω: Ω = Γ1 (solid line), Ω = 5Γ1
(dashed line), Ω = 20Γ1 (dashed-dotted line).
of the combined system, the atom plus the cavity mode, is a superposition
state
|a1c〉 = 1√
2
(|e1〉|0〉c − |g1〉|1〉c) . (185)
Hence, the state of the total system, two atoms plus the cavity mode, after
the first atom has crossed the cavity is
|Ψ1〉 = 1√
2
(|e1〉|0〉c − |g1〉|1〉c) |g2〉 . (186)
If we now send the second atom, being in its ground state, with the selected
velocity such that during the interaction with the cavity mode the atom
undergoes half of the vacuum Rabi oscillation, the final state of the system
becomes
|Ψ12c〉 = 1√
2
(|e1〉|0〉c|g2〉 − |g1〉|0〉c|e2〉)
=
1√
2
(|e1〉|g2〉 − |g1〉|e2〉) |0〉c = |a〉|0〉c . (187)
Thus, the final state of the system is a product state of the atomic antisym-
metric state |a〉 and the vacuum state of the cavity mode. In this scheme
the cavity mode is left in the vacuum state which prevents the antisymmet-
ric state from any noise of the cavity. The scheme to entangle two atoms
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in a cavity, proposed by Cirac and Zoller [159], has recently been realized
experimentally by Hagly et al. [33].
Gerry [160] has proposed a similar method based on a dispersive interac-
tion of the atoms with a cavity mode prepared in a coherent state |α〉. The
atoms enter the cavity in superposition states
|a1〉 = 1√
2
(|e1〉+ i|g1〉) ,
|a2〉 = 1√
2
(|e2〉 − i|g2〉) . (188)
After passage of the second atom, the final state of the system is
|Ψ12c〉 = 1
2
{(|g1〉|g2〉+ |e1〉|e2〉) |−α〉
+ i (|e1〉|g2〉 − |g1〉|e2〉) |α〉} . (189)
Thus, if the cavity field is measured and found in the state |α〉, the atoms
are in the antisymmetric state. If the cavity field is found in the state |−α〉,
the atoms are in the entangled state
|Ψ12(−α)〉 = 1
2
(|g1〉|g2〉+ |e1〉|e2〉) . (190)
The state (190) is called as a two photon entangled state. In section 9, we will
discuss another method of preparing the system in the two-photon entangled
state based on the interaction of two atoms with a squeezed vacuum field.
7.3 Entanglement of two distant atoms
In the previous subsection, we have discussed different excitation processes
which can prepare two atoms in the antisymmetric state. The analysis in-
volved single mode cavities, but ignored spontaneous emission from the atoms
and the cavity damping. Here, we will extend this analysis to include spon-
taneous emission from the atoms and the cavity damping [161]. We will show
that two atoms separated by an arbitrary distance r12 and interacting with
a strongly damped cavity mode can behave as the Dicke model even if there
is no assumed interaction between the atoms.
Consider two identical atoms separated by a large distance such that
Γ12 ≈ 0 and Ω12 ≈ 0. The interatomic axis is oriented perpendicular to
the direction of the cavity mode (cavity axis) which is driven by an external
coherent laser field of the Rabi frequency Ω. The atoms are coupled to
the cavity mode with coupling constant g, and damped at the rate Γ by
spontaneous emission to modes other than the privileged cavity mode. For
simplicity, we assume that the frequencies of the laser field ωL and the cavity
mode ωc are both equal to the atomic transition frequency ω0. The master
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equation for the density operator ρˆac of the system of two atoms plus cavity
field has the form
∂ρˆac
∂t
= −1
2
iΩ
[
aˆ+ aˆ†, ρˆac
]
− 1
2
ig
[
S−aˆ† + aˆS+, ρˆac
]
−1
2
ΓLˆaρˆac − 1
2
ΓcLˆcρˆac , (191)
where
Lˆaρˆac =
2∑
i=1
(
ρˆacS
+
i S
−
i + S
+
i S
−
i ρˆac − 2S−i ρˆacS+i
)
,
Lˆcρˆac = aˆ
†aˆρˆac + ρˆacaˆ
†aˆ− 2aˆρˆacaˆ† , (192)
are operators representing the damping of the atoms by spontaneous emission
and of the field by cavity decay, respectively; aˆ and aˆ† are the cavity-mode
annihilation and creation operators, S± = S±1 + S
±
2 are collective atomic
operators, and Γc is the cavity damping rate.
To explore the dynamics of the atoms, we assume the ”bad-cavity” limit
of Γc ≫ g ≫ Γ. This enables us to adiabatically eliminate the cavity mode
and obtain a master equation for the reduced density operator of the atoms.
We make the unitary transformation
ρˆT = Dˆ(−η)ρˆacDˆ(η) , (193)
where
Dˆ(η) = eη(aˆ+aˆ
†) (194)
is the displacement operator, and η = Ω/Γc.
The master equation for the transformed operator reduces to
∂ρˆT
∂t
=
1
2
igη
[
S+ + S−, ρˆT
]
− 1
2
ig
[
S−aˆ† + aˆS+, ρˆT
]
−1
2
ΓLˆaρˆT − 1
2
ΓcLˆcρˆT . (195)
We now introduce the photon number representation for the density operator
ρˆT with respect to the cavity mode
ρˆT =
∞∑
m,n=0
ρmn|m〉〈n| , (196)
where ρmn are the density matrix elements in the basis of the photon number
states of the cavity mode. Since the cavity mode is strongly damped, we
can neglect populations of the highly excited cavity modes and limit the
expansion to m,n = 1. Under this approximation, the master equation (195)
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leads to the following set of coupled equations of motion for the density
matrix elements
ρ˙00 = Lˆρ00 − 1
2
ig
(
S+ρ10 − ρ01S−
)
+ Γcρ11 ,
ρ˙10 = Lˆρ10 − 1
2
ig
(
S−ρ00 − ρ11S−
)
− 1
2
Γcρ10 ,
ρ˙11 = Lˆρ11 − 1
2
ig
(
S−ρ01 − ρ10S+
)
− Γcρ11 , (197)
where Lˆρij =
1
2
igη [S+ + S−, ρij ]− 12ΓLˆaρij.
We note that the field-matrix elements ρmn are still operators with respect
to the atoms. Moreover
ρ00 + ρ11 = TrF (ρˆT ) = ρˆ (198)
is the reduced density operator of the atoms.
For the case of a strong cavity damping the most populated state of the
cavity field is the ground state |0〉, and then we can assume that the coherence
ρ10 changes slowly in time, so that we can take ρ˙10 = 0. Hence, we find that
ρ10 ≈ − ig
Γc
(
S−ρ00 − ρ11S−
)
. (199)
Substituting this solution to ρ˙00 and ρ˙11, we get
ρ˙00 = Lˆρ00 + Γcρ11 − g
2
2Γc
(
S+S−ρ00 + ρ00S
+S− − 2S+ρ11S−
)
,
ρ˙11 = Lˆρ11 − Γcρ11 + g
2
2Γc
(
2S−ρ00S
+ − S−S+ρ11 − ρ11S−S+
)
.(200)
Adding these two equations together and neglecting population of the state
|1〉, we obtain the master equation for the reduced density operator of the
atoms as
∂ρˆ
∂t
=
1
2
igη
[
S+ + S−, ρˆ
]
− 1
2
ΓLˆaρˆ
− g
2
2Γc
(
S+S−ρˆ+ ρˆS+S− − 2S−ρˆS+
)
. (201)
The first term in Eq. (201) describes the interaction of the atoms with the
driving field of an effective Rabi frequency gη. The second term represents
the usual damping of the atoms by spontaneous emission, whereas the last
term describes the damping of the collective system with an effective damping
rate g2/Γc. If we choose the parameters such that the collective damping is
much larger than the spontaneous rates of the single atoms, the second term
in Eq. (201) can be ignored, and then the master equation (201) describes
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the time evolution of the collective two-atom system. Thus, two indepen-
dent atoms located inside a strongly damped one-mode cavity behave as a
single collective small sample model (Dicke model) with the damping rate
g2/Γc. This model, however, requires that the atoms are strongly coupled
to the cavity mode (g ≫ Γ) and are located inside the cavity such that the
interatomic axis is perpendicular to the direction of the cavity mode and the
driving field.
7.4 Preparation of a superposition of the antisymmet-
ric and the ground states
In the section 7.2.2, we have shown that two nonidentical two-level atoms
can be prepared in an arbitrary superposition of the maximally entangled
antisymmetric state |a〉 and the ground state |g〉
|Φ〉 = γ|a〉+
√
1− |γ|2|g〉 . (202)
However, the preparation of the superposition state requires that the atoms
have different transition frequencies. Recently, Beige et al. [162] have pro-
posed a scheme in which the superposition state |Φ〉 can be prepared in
a system of two identical atoms placed at fixed positions inside an optical
cavity.
Here, we discuss an alternative scheme where the superposition state |Φ〉
can be generated in two identical atoms driven in free space by a coherent
laser field. This can happen when the atoms are in nonequivalent posi-
tions in the driving field, i.e. the atoms experience different intensities and
phases of the driving field. For a comparison, we first consider a specific
geometry for the driving field, namely that the field is propagated perpen-
dicularly to the atomic axis (~kL · ~r12 = 0). We find from Eq. (150), that in
this case the collective states are populated with the population distribution
ρee = ρaa < ρss. The population distribution changes dramatically when the
driving field propagates in directions different from perpendicular to the in-
teratomic axis [85, 90, 91]. In this situation the populations strongly depend
on the interatomic separation and the detuning ∆L. This can produce the in-
teresting modification that the collective states can be selectively populated.
We show this by solving numerically the system of 15 equations for the den-
sity matrix elements. The populations are plotted against the detuning ∆L
in Fig. 16 for the laser field propagating in the direction of the interatomic
axis. We see from Fig. 16 that the collective states |s〉 and |e〉 are populated
at ∆L = 0 and ∆L = Ω12. The antisymmetric state is significantly populated
at ∆L = −Ω12, and at this detuning the populations of the states |s〉 and
|e〉 are close to zero. Since ρaa < 1, the population is distributed between
the antisymmetric and the ground states, and therefore at ∆L = −Ω12 the
system is in a superposition of the maximally entangled state |a〉 and the
ground state |g〉.
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Figure 16: The steady-state populations of the collective atomic states of
two identical atoms as a function of ∆L for the driving field propagating in
the direction of the interatomic axis, Ω = 2.5Γ, r12/λ = 0.08 and µ¯ ⊥ r¯12:
ρee (solid line), ρaa (dashed line), ρss (dashed-dotted line).
Turchette et al. [32] have recently realized experimentally a superposition
state of the ground state and a non-maximally entangled antisymmetric state
in two trapped ions. In the experiment two trapped barium ions were side-
band cooled to their motional ground states. Transitions between the states
of the ions were induced by Raman pulses using co-propagating lasers. The
ions were at positions that experience different Rabi frequencies Ω1 and Ω2
of the laser fields. By preparing the initial motional ground state with one
ion excited |e1〉|g2〉|0〉, and applying the laser fields for a time t, the following
entangled state |Ψ (t)〉 was created
|Ψ (t)〉 = −iΩ2
Ω
sin (Ωt) |g〉|1〉+
{[
Ω22
Ω2
(cosΩt− 1) + 1
]
|e1〉|g2〉
+
[
Ω1Ω2
Ω2
(cosΩt− 1)
]
|g1〉|e2〉
}
|0〉 , (203)
where Ω2 = Ω21 + Ω
2
2.
For Ωt = π the entangled state (203) reduces to a non-maximally entan-
gled antisymmetric state
|Ψa〉 =
[
Ω21 − Ω22
Ω2
|e1〉|g2〉 − 2Ω1Ω2
Ω2
|g1〉|e2〉
]
|0〉 . (204)
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Franke et al. [163] have proposed to use the non-maximally entangled
state (204) to demonstrate the intrinsic difference between quantum and
classical information transfers. The difference arises from the different ways
in which the probabilities occur and is particularly clear in terms of entangled
states.
8 Detection of the entangled states
In this section we describe two possible methods for detection of entangled
states of two interacting atoms. One is the observation of angular intensity
distribution of the fluorescence field emitted by the system of two interacting
atoms. The other is based on quantum interference in which one observes
interference pattern of the emitted field. Beige et al. [18] have proposed a
scheme, based on the quantum Zeno effect, to observe a decoherence-free
state in a system of two three-level atoms located inside an optical cavity.
The two schemes discussed here involve two two-level atoms in free space.
8.1 Angular fluorescence distribution
It is well known that the fluorescence field emitted from a two-atom system
exhibits strong directional properties [11, 47, 91, 149]. This property can be
used to detect an internal state of two interacting atoms. To show this, we
consider the fluorescence intensity, defined in Eq. (69), that in terms of the
density matrix elements of the collective atomic system can be written as
I
(
~R, t
)
= u(~R) {(ρee + ρss) [1 + cos (kr12 cos θ)]
+ (ρee + ρaa) [1− cos (kr12 cos θ)]
+ i (ρsa − ρas) sin (kr12 cos θ)} , (205)
where θ is the angle between the observation direction ~R and the vector ~r12.
The first term in Eq. (205) arises from the fluorescence emitted on the
|e〉 → |s〉 → |g〉 transitions, which involve the symmetric state. The second
term arises from the |e〉 → |a〉 → |g〉 transitions through the antisymmet-
ric state. These two terms describe two different channels of transitions for
which the angular distribution is proportional to [1± cos (kr12 cos θ)]. The
last term in Eq. (205) originates from interference between these two radia-
tion channels. It is evident from Eq. (205) that the angular distribution of
the fluorescence field depends on the population of the entangled states |s〉
and |a〉. Moreover, independent of the interatomic separation r12, the anti-
symmetric state does not radiate in the direction perpendicular to the atomic
axis, as for θ = π/2 the factor [1− cos (kr12 cos θ)] vanishes. In contrast, the
symmetric state radiates in all directions. Hence, the spatial distribution of
the fluorescence field is not spherical unless ρss = ρaa and then the angular
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distribution is spherically symmetric independent of the interatomic separa-
tion. Therefore, an asymmetry in the angular distribution of the fluorescence
field would be a compelling evidence that the entangled states |s〉 and |a〉
are not equally populated. If the fluorescence is detected in the direction
perpendicular to the interatomic axis the observed intensity (if any) would
correspond to the fluorescence field emitted from the symmetrical state |s〉
and/or the upper state |e〉. On the other hand, if there is no fluorescence
detected in the direction perpendicular to the atomic axis, the population
is entirely in a superposition of the antisymmetric state |a〉 and the ground
state |g〉.
Guo and Yang [164, 165] have analyzed spontaneous decay from two
atoms initially prepared in an entangled state. They have shown that the
time evolution of the population inversion, which is proportional to the to-
tal radiation intensity (71), depends on the degree of entanglement of the
initial state of the system. In Sections 4.1.1 and 4.1.2, we have shown that
in the case of two non-identical atoms the time evolution of the total radia-
tion intensity I (t) can exhibit quantum beats which result from the presence
of correlations between the symmetric and antisymmetric states. In fact,
quantum beats are present only if initially the system is in a non-maximally
entangled state, and no quantum beats are predicted for maximally entangled
as well as unentangled states.
8.2 Interference pattern with a dark center
An alternative way to detect entangled states of a two-atom system is to ob-
serve an interference pattern of the fluorescence field emitted in the direction
~R, not necessary perpendicular to the interatomic axis.
This scheme is particularly useful for detection of the symmetric or the
antisymmetric state. To show this, we consider the visibility in terms of the
density matrix elements of the collective atomic system as
V = ρss − ρaa
ρss + ρaa + 2ρee
. (206)
This simple formula shows that the sign of V depends on the population
difference between the symmetric and antisymmetric states. For ρss > ρaa the
visibility V is positive, and then the interference pattern exhibits a maximum
(bright center), whereas for ρss < ρaa the visibility V is negative and then
there is a minimum (dark center). The optimum positive (negative) value is
V = 1 (V = −1), and there is no interference pattern when V = 0. The later
happens when ρss = ρaa.
Similar to the fluorescence intensity distribution, the visibility can provide
an information about the entangled states of a two-atom system. When the
system is prepared in the antisymmetric state or in a superposition of the
antisymmetric and the ground states, ρss = ρee = 0, and then the visibility
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Figure 17: The visibility V as a function of ∆L for r12 = 0.1λ,Ω = 0.5Γ
and various angles θL; θL = π/2 (solid line), θL = π/4 (dashed line), θL = 0
(dashed-dotted line).
has the optimum negative value V = −1. On the other hand, when the
system is prepared in the symmetric state or in a linear superposition of the
symmetric and ground states, the visibility has the maximum positive value
V = 1.
The earliest theoretical studies of the fringe visibility involved a coherent
driving field which produces an interference pattern with a bright center. Re-
cently, Meyer and Yeoman [166] have shown that in contrast to the coherent
excitation, the incoherent field produces an interference pattern with a dark
center. Dung and Ujihara [149] have shown that the fringe contrast factor
can be negative for spontaneous emission from two undriven atoms, with ini-
tially one atom excited. Interference pattern with a dark center can also be
obtained with a coherent driving field [147]. This happens when the atoms
experience different phases and/or intensities of the driving field. To show
this, we solve numerically the master equation (42) for the steady-state den-
sity matrix elements of the driven system of two atoms. The visibility V is
plotted in Fig. 17 as a function of the detuning ∆L for r12 = 0.1λ,Ω = 0.25Γ
and various angles θL between the interatomic axis and the direction of prop-
agation of the laser field. The visibility V is positive for most values of ∆L,
except ∆L ≈ −Ω12. At this detuning the parameter V is negative and reaches
the optimum negative value V = −1 indicating that the system produces in-
terference pattern with a dark center. In Fig. 18, we plot the populations
of the symmetric and antisymmetric states for the same parameters as in
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Figure 18: Populations of the symmetric and antisymmetric states for the
same parameters as in Fig. 17, with θL = 0.
Fig 17. It is evident from Fig. 18 that at ∆L = −Ω12 the antisymmetric
state is significantly populated, whereas the population of the symmetric
state is close to zero. This population difference leads to negative values of
V , as predicted by Eq. (206) and seen in Fig. 17. Experimental observation
of the interference pattern with a dark center would be an interesting demon-
stration of the controled excitation of a two-atom system to the entangled
antisymmetric state.
9 Two-photon entangled states
In our discussions to date on entanglement creation in two-atom systems, we
have focused on different methods of creating entangled states of the form
|Ψ〉 = c1|e1〉|g2〉 ± c2|g1〉|e2〉 . (207)
As we have shown in Sec. 3.1, entangled states of the above form are generated
by the dipole-dipole interaction between the atoms and the preparation of
these states is sensitive to the difference ∆ between the atomic transition
frequencies and to the atomic decay rates. These states are better known as
the symmetric and antisymmetric collective atomic states.
Apart from the symmetric and antisymmetric states, there are two other
collective states of the two-atom system: the ground state |g〉 = |g1〉|g2〉 and
the upper state |e〉 = |e1〉|e2〉, which are also product states of the individual
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atomic states. These states are not affected by the dipole-dipole interaction
Ω12.
In this section, we discuss a method of creating entanglement between
these two states of the general form
|Υ〉 = cg|g〉 ± ce|e〉 , (208)
where cg and ce are transformation parameters such that |cg|2 + |ce|2 = 1.
The entangled states of the form (208) are known in literature as pairwise
atomic states [24, 25, 26, 27] or multi-atom squeezed states [23]. According
to Eq. (63), the collective ground and excited states are separated in energy
by 2h¯ω0, and therefore we can call the states |Υ〉 as two-photon entangled
(TPE) states.
The two-photon entangled states cannot be generated by a simple co-
herent excitation. A coherent field applied to the two-atom system couples
to one-photon transitions. The problem is that coherent excitation popu-
lates not only the upper state |e〉 but also the intermediate states |s〉 and
|a〉, see Eq. (150). The two-photon entangled states (208) are superpositions
of the collective ground and excited states with no contribution from the
intermediate collective states |s〉 and |a〉.
The two-photon behavior of the entangled states (208) suggests that the
simplest technique for generating the TPE states would be by applying a
two-photon excitation process. An obvious candidate is a squeezed vacuum
field which is characterized by strong two-photon correlations which would
enable the transition |g〉 → |e〉 to occur effectively in a single step without
populating the intermediate states. We will illustrate this effect by ana-
lyzing the populations of the collective atomic states of a two-atom system
interacting with a squeezed vacuum field.
9.1 Populations of the entangled states in a squeezed
vacuum
The general master equation (36) allows us to calculate the populations of
the collective atomic states and coherences, which gives information about
the stationary state of a two-atom system. We first consider a system of two
identical atoms, separated by an arbitrary distance r12 and interacting with a
squeezed vacuum field. For simplicity, we assume that the carrier frequency
ωs of the squeezed vacuum field is resonant to the atomic transition frequency
ω0, and the squeezed field is perfectly matched to the atoms, D(ωs) = 1 and
θs = π.
From the master equation (36), we find the following equations of motion
for the populations of the collective states and the two-photon coherences of
the collective system of two identical atoms
ρ˙ee = −2Γ
(
N˜ + 1
)
ρee + N˜ [(Γ + Γ12) ρss + (Γ− Γ12) ρaa] + Γ12|M˜ |ρu ,
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ρ˙ss = (Γ + Γ12)
{
N˜ −
(
3N˜ + 1
)
ρss − N˜ρaa + ρee − |M˜ |ρu
}
,
ρ˙aa = (Γ− Γ12)
{
N˜ −
(
3N˜ + 1
)
ρaa − N˜ρss + ρee + |M˜ |ρu
}
,
ρ˙u = 2Γ12|M˜ | −
(
2N˜ + 1
)
Γρu
−2|M˜ | [(Γ + 2Γ12) ρss − (Γ− 2Γ12) ρaa] , (209)
where N˜ = N˜ (ω0), M˜ = M˜ (ω0) and ρu = ρeg exp(−iφs) + ρge exp(iφs).
It is seen from Eq. (209) that the evolution of the populations depends
on the two-photon coherencies ρeg and ρge, which can transfer the population
from the ground state |g〉 directly to the upper state |e〉 leaving the states
|s〉 and |a〉 unpopulated. The evolution of the populations depends on Γ12,
but is completely independent of the dipole-dipole interaction Ω12.
Similar to the interaction with the ordinary vacuum, discussed in Sec. 3.1,
the steady-state solution of Eqs. (209) depends on whether Γ12 = Γ or Γ12 6=
Γ. Assuming that Γ12 = Γ and setting the left-hand side of equations (209)
equal to zero, we obtain the steady-state solutions for the populations and
the two-photon coherence in the Dicke model. A straightforward algebraic
manipulation of Eqs. (209) leads to the following steady-state solutions
ρee =
N˜2
(
2N˜ + 1
)
−
(
2N˜ − 1
)
|M˜ |2(
2N˜ + 1
) (
3N˜2 + 3N˜ + 1− 3|M˜ |2
) ,
ρss =
N˜
(
N˜ + 1
)
− |M˜ |2
3N˜2 + 3N˜ + 1− 3|M˜ |2 ,
ρu =
2|M˜ |(
2N˜ + 1
) (
3N˜2 + 3N˜ + 1− 3|M˜ |2
) . (210)
The steady-state populations depend strongly on the squeezing correla-
tions M˜ . For a classical squeezed field with the maximal correlations M˜ = N˜
the steady-state populations reduces to
ρss =
N˜
3N˜ + 1
,
ρee =
2N˜2(
2N˜ + 1
) (
3N˜ + 1
) . (211)
It is easily to check that in this case the populations obey a Boltzmann
distribution with ρgg > ρss > ρee. Moreover, in the limit of low intensities
(N˜ ≪ 1) of the field, the population ρee is proportional to N˜2, showing
that in classical fields the population exhibits a quadratic dependence on the
intensity.
The population distribution is qualitatively different for a quantum squeezed
field with the maximal correlations |M˜ |2 = N˜(N˜ + 1). In this case, the sta-
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tionary populations of the excited collective states are
ρss = 0 ,
ρee =
N˜(
2N˜ + 1
) . (212)
Clearly, the symmetric state is not populated. In this case the populations
no longer obey the Boltzmann distribution. The population is distributed
only between the ground state |g〉 and the upper state |e〉. Moreover, it can
be seen from Eq. (212) that for a weak quantum squeezed field the popula-
tion ρee depends linearly on the intensity. This distinctive feature reflects the
direct modifications of the two-photon absorption that the nonclassical pho-
ton correlations enable the transition |g〉 → |e〉 to occurs in a ”single step”
proportional to N˜ . In other words, the nonclassical two-photon correlations
entangle the ground state |g〉 and the upper state |e〉 with no contribution
from the symmetric state |s〉.
The question we are interested in concerns the final state of the system
and its purity. To answer this question, we apply Eq. (210) and find that in
the steady-state, the density matrix of the system is given by
ρˆ =


ρgg 0 ρge
0 ρss 0
ρeg 0 ρee

 , (213)
where ρij are the non-zero steady-state density matrix elements.
It is evident from Eq. (213) that in the squeezed vacuum the density
matrix of the system is not diagonal due to the presence of the two-photon
coherencies ρge and ρeg. This indicates that the collective states |g〉, |s〉
and |e〉 are no longer eigenstates of the system. The density matrix can be
rediagonalized by including ρeg and ρge to give the new (entangled) states
|Υ1〉 = [(P1 − ρee) |g〉+ ρeg|e〉] /
[
(P1 − ρee)2 + |ρeg|2
] 1
2 ,
|Υ2〉 = [ρge|g〉+ (P2 − ρgg) |e〉] /
[
(P2 − ρgg)2 + |ρeg|2
] 1
2 ,
|Υ3〉 = |s〉 , (214)
where the diagonal probabilities are
P1 =
1
2
(ρgg + ρee) +
1
2
[
(ρgg − ρee)2 + 4 |ρeg|2
] 1
2 ,
P2 =
1
2
(ρgg + ρee)− 1
2
[
(ρgg − ρee)2 + 4 |ρeg|2
] 1
2 ,
P3 = ρss . (215)
In view of Eqs. (212) and (214), it is easy to see that the squeezed vacuum
causes the system to decay into entangled states which are linear superpo-
sitions of the collective ground state |g〉 and the upper state |e〉. The in-
termediate symmetric state remains unchanged under the squeezed vacuum
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excitation. In general, the states (214) are mixed states. However, for perfect
correlations |M˜ |2 = N˜(N˜ +1) the populations P2 and P3 are zero leaving the
population only in the state |Υ1〉. Hence, the state |Υ1〉 is a pure state of the
system of two atoms driven by a squeezed vacuum field. From Eqs. (214),
we find that the pure entangled state |Υ1〉 is given by [167]
|Υ1〉 = 1√
2N˜ + 1
[√
N˜ + 1|g〉+
√
N˜ |e〉
]
. (216)
The pure state (216) is non-maximally entangled state, it reduces to a max-
imally entangled state for N˜ ≫ 1. The entangled state is analogous to the
pairwise atomic state [24, 25, 26, 27] or the multi-atom squeezed state [23],
(see also Ref. [29]), predicted in the small sample model of two coupled atoms.
The pure entangled state |Υ1〉 is characteristic not only of the two-
atom Dicke model, but in general of the Dicke model of an even number
of atoms [168]. The N -atom Dicke system interacting with a squeezed vac-
uum can decay to a state which the density operator is given by
ρˆ = Cn
(
µS− + νS+
)−1 (
µS+ + νS−
)−1
, (217)
if N is odd, or
ρˆ = |Υ〉〈Υ| , (218)
if N is even, where Cn is the normalization constant, S
± are the collective
atomic operators, µ2 = ν2 + 1 = N˜ + 1, and |Υ〉 is defined by(
µS− + νS+
)
|Υ〉 = 0 . (219)
Thus, for an even number of atoms the stationary state of the system is the
pure pairwise atomic state.
9.2 Effect of the antisymmetric state on the purity of
the system
The pure entangled state |Υ1〉 can be obtained for perfect matching of the
squeezed modes to the atoms and interatomic separations much smaller
than the optical wavelength. To achieve perfect matching, it is necessary
to squeeze of all the modes to which the atoms are coupled. That is, the
squeezed modes must occupy the whole 4π solid angle of the space surround-
ing the atoms. This is not possible to achieve with the present experiments
in free space, and in order to avoid the difficulty cavity environments have
been suggested [54, 55]. Inside a cavity the atoms interact strongly only with
the privileged cavity modes. By the squeezing of these cavity modes, which
occupy only a small solid angle about the cavity axis, it would be possible
to achieve perfect matching of the squeezed field to the atoms.
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There is, however, the practical problem to fulfil the second requirement
that interatomic separations should be much smaller than the resonant wave-
length. This assumption may prove difficult in experimental realization as
with the present techniques two atoms can be trapped within distances of
the order of a resonant wavelength [13, 14, 15, 16]. As we have shown in
Sec. 3.1, the dynamics of such a system involve the antisymmetric state and
are significantly different from the dynamics of the Dicke model.
For two atoms separated by an arbitrary distance r12, the collective damp-
ing Γ12 6= Γ, and then the steady-state solutions of Eqs. (209) are
ρee =
N˜2(
2N˜ + 1
)2 + a
2|M˜ |2
(
4N˜ + 1
)
G
,
ρss =
N˜
(
N˜ + 1
)
(
2N˜ + 1
)2 −
a|M˜ |2
[
2
(
2N˜ + 1
)2 − a]
G
,
ρaa =
N˜
(
N˜ + 1
)
(
2N˜ + 1
)2 +
a|M˜ |2
[
2
(
2N˜ + 1
)2
+ a
]
G
,
ρu =
2a
(
2N˜ + 1
)3 |M˜ |
G
, (220)
where a = Γ12/Γ, and
G =
(
2N˜ + 1
)2 {(
2N˜ + 1
)4
+ 4|M˜ |2
[
a2 −
(
2N˜ + 1
)2]}
. (221)
This result shows that the antisymmetric state is populated in the steady-
state even for small interatomic separations (Γ12 ≈ Γ). For large interatomic
separations Γ12 ≈ 0, and then the symmetric and antisymmetric states are
equally populated. When the interatomic separation decreases, the pop-
ulation of the state |a〉 increases, whereas the population of the state |s〉
decreases and ρss = 0 for very small interatomic separations. These features
are illustrated in Fig. 19(a), where we plot the steady-state populations as a
function of the interatomic separation for the maximally correlated quantum
squeezed field. We see that the collective states are unequally populated
and in the case of small r12, the state |a〉 is the most populated state of the
system, whereas the state |s〉 is not populated. In Fig. 19(b), we show the
populations for the equivalent maximally correlated classical squeezed field,
and in this case all states are populated independent of r12.
This fact can lead to a destruction of the purity of the stationary state
of the system. To show this, we calculate the quantity
Tr
(
ρˆ2
)
= ρ2gg + ρ
2
ss + ρ
2
aa + ρ
2
ee + |ρu|2 , (222)
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Figure 19: The steady-state populations of the collective atomic states as a
function of r12 for (a) quantum squeezed field with |M˜ |2 = N˜(N˜ + 1), (b)
classical squeezed field with |M˜ | = N˜ , and N˜ = 0.05, µ¯ ⊥ r¯12: ρee (solid
line), ρaa (dashed line), ρss (dashed-dotted line).
which determines the purity of the system. Tr(ρˆ2) = 1 corresponds to a
pure state of the system, while Tr(ρˆ2) < 1 corresponds to a mixed state.
Tr(ρˆ2) = 1/4 describes a completely mixed state of the system. In Fig. 20,
we display Tr(ρˆ2) as a function of the interatomic separation r12 for perfect
correlations |M˜ |2 = N˜(N˜ + 1) and various N˜ . Clearly, the system is in a
mixed state independent of the interatomic separation. Moreover, the purity
decreases as N˜ increases.
For small interatomic separation, the mixed state of the system is com-
posed of two states: the TPE state |Υ1〉 and the antisymmetric state |a〉. We
illustrate this by diagonalizing the steady-state density matrix of the system
ρˆ =


ρgg 0 0 ρge
0 ρaa 0 0
0 0 ρss 0
ρeg 0 0 ρee

 , (223)
from which we find the new (entangled) states
|Υ1〉 = [(P1 − ρee) |g〉+ ρeg|e〉] /
[
(P1 − ρee)2 + |ρeg|2
] 1
2 ,
|Υ2〉 = [ρge|g〉+ (P2 − ρgg) |e〉] /
[
(P2 − ρgg)2 + |ρeg|2
] 1
2 ,
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Figure 20: Tr(ρˆ2) as a function of the interatomic separation for |M˜ |2 =
N˜(N˜ + 1), µ¯ ⊥ r¯12 and different N˜ : N˜ = 0.05 (solid line), N˜ = 0.5 (dashed
line), N˜ = 5 (dashed-dotted line).
|Υ3〉 = |s〉 ,
|Υ4〉 = |a〉 , (224)
where the diagonal probabilities (populations of the entangled states) are
P1 =
1
2
(ρgg + ρee) +
1
2
[
(ρgg − ρee)2 + 4 |ρeg|2
] 1
2 ,
P2 =
1
2
(ρgg + ρee)− 1
2
[
(ρgg − ρee)2 + 4 |ρeg|2
] 1
2 ,
P3 = ρss ,
P4 = ρaa . (225)
Note, that the states |Υ1〉, |Υ2〉 and |Υ3〉 are the same as for the small
sample model, discussed in the preceding section. This means that the pres-
ence of the antisymmetric state does not affect the two-photon entangled
states, but it can affect the population distribution between the states and
the purity of the system. In Fig. 21, we plot the populations Pi of the states
|Υi〉 as a function of the interatomic separation. The figure demonstrates
that in the case of a quantum squeezed field the atoms are driven into a
mixed state composed of only two entangled states |Υ1〉 and |a〉, and there
is a vanishing probability that the system is in the states |Υ2〉 and |s〉. In
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Figure 21: Populations of the entangled states (224) as a function of the
interatomic separation for (a) quantum squeezed field with |M˜ |2 = N˜(N˜+1),
(b) classical squeezed field with |M˜ | = N˜ , and µ¯ ⊥ r¯12, N˜ = 0.5. In both
frames P1 (solid line), P2 (dashed line), P3 (dashed-dotted line), P4 (dotted
line).
contrast, for a classical squeezed field, shown in Fig. 21(b), the atoms are
driven to a mixed state composed of all the entangled states.
Following the discussion presented in Sec. 3.1, we can argue that the
system can decay to the pure TPE state |Υ1〉 with the interatomic separation
included. This can happen when the observation time is shorter than Γ−1.
The antisymmetric state |a〉 decays on a time scale ∼ (Γ− Γ12)−1, and for
Γ12 ≈ Γ the decay rate of the antisymmetric state is much longer than Γ−1.
By contrast, the state |s〉 decays on a time scale ∼ (Γ + Γ12)−1 , which for
Γ12 ≈ Γ is shorter than Γ−1. Clearly, for observation times shorter than
Γ−1, the antisymmetric state does not participate in the interaction and the
system reaches the steady-state only between the triplet states. Thus, for
perfect matching of the squeezed modes to the atoms the symmetric state is
not populated and then the system is in the pure TPE state |Υ1〉.
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9.3 Two-photon entangled states for two non-identical
atoms
We now extend the analysis of the population distribution in a squeezed
vacuum to the case of two nonidentical atoms. For two nonidentical atoms
with ∆ 6= 0 and Γ1 = Γ2 = Γ, the master equation (36) leads to the following
equations of motion for the density matrix elements
ρ˙ee = −2Γ
(
N˜ + 1
)
ρee + N˜
[
Γ (ρss + ρaa) + Γ12 (ρss − ρaa) ei∆t
]
+Γ12|M˜ |
(
ρege
−i[2(ωs−ω0)t+φs] + ρgee
i[2(ωs−ω0)t+φs]
)
,
ρ˙ss =
(
Γ + Γ12e
i∆t
) [
N˜ −
(
3N˜ + 1
)
ρss − N˜ρaa + ρee
]
−Γ|M˜ |
(
ρege
−i[2(ωs−ω1)t+φs] + ρgee
i[2(ωs−ω1)t+φs]
)
−Γ12|M˜ |
(
ρege
−i[2(ωs−ω0)t+φs] + ρgee
i[2(ωs−ω0)t+φs]
)
,
ρ˙aa =
(
Γ− Γ12ei∆t
) [
N˜ −
(
3N˜ + 1
)
ρaa − N˜ρss + ρee
]
+Γ|M˜ |
(
ρege
−i[2(ωs−ω1)t+φs] + ρgee
i[2(ωs−ω1)t+φs]
)
−Γ12|M˜ |
(
ρege
−i[2(ωs−ω0)t+φs] + ρgee
i[2(ωs−ω0)t+φs]
)
,
ρ˙eg = (ρ˙ge)
∗ = Γ12|M˜ |ei[2(ωs−ω1)t+φs] −
(
2N˜ + 1
)
Γρeg
−Γ|M˜ |ei[2(ωs−ω1)t+φs] (ρss − ρaa)
−2Γ12|M˜ |ei[2(ωs−ω0)t+φs] (ρss + ρaa) , (226)
where ω0 =
1
2
(ω1 + ω2).
Equations (226) contain time-dependent terms which oscillate at frequen-
cies exp(±i∆t) and exp[±2i(ωs−ω0)t+φs]. If we tune the squeezed vacuum
field to the middle of the frequency difference between the atomic frequen-
cies, i.e. ωs = (ω1+ω2)/2, the terms proportional to exp[±2i(ωs−ω0)t+φs]
become stationary in time. None of the other time dependent components is
resonant with the frequency of the squeezed vacuum field. Consequently, for
∆≫ Γ, the time-dependent components oscillate rapidly in time and average
to zero over long times. Therefore, we can make a secular approximation in
which we ignore the rapidly oscillating terms, and find the following steady-
state solutions [169]
ρee =
1
4


(
2N˜ − 1
)
2N˜ + 1
+
1[(
2N˜ + 1
)2 − 4a2|M˜ |2]

 ,
ρss = ρaa =
1
4

1−
1[(
2N˜ + 1
)2 − 4a2|M˜ |2]

 ,
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ρu =
2a|M˜ |(
2N˜ + 1
) [(
2N˜ + 1
)2 − 4a2|M˜ |2] . (227)
Equations (227) are quite different from Eqs. (220) and show that in the case
of non-identical atoms the symmetric and antisymmetric states are equally
populated independent of the interatomic separation. These are, however,
some similarities to the steady-state solutions of the Dicke model that for
small interatomic separations ρss = ρaa ≈ 0, and then only the collective
ground and the upper states are populated.
To conclude this section, we point out that by employing two spatially
separated non-identical atoms of significantly different transition frequencies
(∆≫ Γ), it is possible to achieve the pure TPE state with the antisymmetric
state fully participating in the interaction.
10 Mapping of entangled states of light on
atoms
The generation of the pure TPE state is an example of mapping of a state
of quantum correlated light onto an atomic system. The two-photon correla-
tions contained in the squeezed vacuum field can be completely transferred
to the atomic system and can be measured, for example, by detecting fluc-
tuations of the fluorescence field emitted by the atomic system. Squeezing
in the fluorescence field is proportional to the squeezing in the atomic dipole
operators (spin squeezing) which, on the other hand, can be found from the
steady-state solutions for the density matrix elements.
10.1 Mapping of photon correlations
Equation (227) shows that the collective damping parameter Γ12 plays the
role of a degree of the correlation transfer from the squeezed vacuum to
the atomic system. For large interatomic separations, Γ12 ≈ 0, and there
is no transfer of the correlations to the system. In contrast, for very small
separations, Γ12 ≈ Γ, and then the correlations are completely transferred to
the atomic system.
However, the complete transfer of the correlations does not necessary
mean that the two-photon correlations are stored in the pure TPE state.
This happens only for two nonidentical atoms in the Dicke model, where
the steady-state is the pure TPE state. For identical atoms separated by
a finite distance r12 only a part of the correlations can be stored in the
antisymmetric state. This can be shown, for example, by calculating of the
interference pattern of the fluorescence field emitted by the system. Using
the steady-state solutions (220), we find that the visibility in the interference
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Figure 22: The visibility V as a function of the interatomic separation r12 for
(a) a quantum squeezed field with |M˜ |2 = N˜(N˜ +1), (b) a classical squeezed
field with |M˜ | = N˜ , µ¯ ⊥ r¯12 and different N˜ : N˜ = 0.05 (solid line), N˜ = 0.5
(dashed line), N˜ = 5 (dashed-dotted line).
pattern is given by [170]
V = − 2a|M˜ |
2
N˜
(
2N˜ + 1
)3
+ 2|M˜ |2
[
a2 +
(
2N˜ + 1
)
−
(
2N˜ + 1
)2] . (228)
The visibility is negative indicating that the squeezing correlations are
mostly stored in the antisymmetric state. In Fig. 22, we plot the visibility V
as a function of the interatomic separation for a quantum squeezed field with
|M˜ |2 = N˜(N˜ + 1), Fig. 22(a), and a classical squeezed field with |M˜ | = N˜ ,
Fig. 22(b). An interference pattern with a dark center is observed for small
interatomic separations (r12 < λ/2) and with the quantum squeezed field the
visibility attains the maximal negative value of V ≈ −0.7 for r12 < 0.3λ.
According to Eq. (222), at these interatomic separations the antisymmet-
ric state is the most populated state of the system. The value V = −0.7
compared to the possible negative value V = −1 indicates that 70% of the
squeezing correlations are stored in the antisymmetric state. In Fig. 22(b),
we show the visibility for a classical squeezed field with |M˜ | = N˜ . The visi-
bility is much smaller than that in the quantum squeezed field and vanishes
when N˜ → ∞. In contrast, for the quantum squeezed field V approaches
−1/2 when N˜ →∞. Thus, the visibility can provide the information about
the degree of nonclassical correlations stored in the entangled state |a〉.
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10.2 Mapping of the field fluctuations
The fluctuations of the electric field are determined by the normally ordered
variance of the field operators as [29, 30, 31]
〈: (∆Eθ)2 :〉 =
∑
~ks
Ek
(
2〈aˆ†~ksaˆ~ks〉+ 〈aˆ~ksaˆ~ks〉e2iθ + 〈aˆ
†
~ks
aˆ†~ks〉e−2iθ
)
. (229)
Using the correlation functions (17) of the three-dimensional squeezed vac-
uum field and choosing θ = π/2, the variance of the incident squeezed vacuum
field can be written as〈
:
(
∆Einπ/2
)2
:
〉
= 2E0
(
N˜ − |M˜ |
)
, (230)
where E0 is a constant. Since |M˜ | =
√
N˜(N˜ + 1) > N˜ , the variance (230) is
negative indicating that the incident field is in a squeezed state.
On the other hand, the normally ordered variance of the emitted fluores-
cence field can be expressed in terms of the density matrix elements of the
two-atom system as〈
:
(
∆Eoutθ
)2
:
〉
= E0 (2ρss + 2ρee + |ρu| cos 2θ) . (231)
Using the steady-state solutions (210) and choosing θ = π/2, we find
〈
:
(
∆Eoutπ/2
)2
:
〉
= 2E0
(
N˜ − |M˜ |
)
2N˜ + 1
. (232)
Thus, at low intensities of the squeezed vacuum field (N˜ ≪ 1) the fluctuations
in the incident field are perfectly mapped onto the atomic system. For large
intensities (N˜ > 1), the thermal fluctuations of the atomic dipoles dominate
over the squeezed fluctuations resulting in a reduction of squeezing in the
fluorescence field.
The idea of mapping the field fluctuations on the collective system of two
atoms have been extended to multi-level atoms. For example, Kozhekin et
al. [171] proposed a method of mapping of quantum states onto an atomic
system based on the stimulated Raman absorption of propagating quantum
light by a cloud of three-level atoms. Hald et al. [172, 173] have experimen-
tally observed the squeezed spin states of trapped three-level atoms in the
Λ configuration, irradiated by a squeezed field. The observed squeezed spin
states have been generated via entanglement exchange with the squeezed
field that was completely absorbed by the atoms. The exchange process was,
however, accomplished by spontaneous emission and only a limited amount
of spin squeezing was achieved. Fleischhauer et al. [174] have considered a
similar system of three-level atoms and have found that quantum states of
single-photon fields can be mapped onto entangled states of the field and
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the collective states of the atoms. This effect arises from a substantial reduc-
tion of the group velocity of the field propagating through the atomic system,
which results in a temporary storage of a quantum state of the field in atomic
spins. These models are two examples of the continuing fruitful investigation
of entanglement and reversible storage of information in collective atomic
systems.
11 Conclusions
In this paper, we have reviewed the recent work on entanglement and non-
classical effects in two-atom systems. We have discussed different schemes for
generation of nonclassical states of light and preparation of two interacting
atoms in specific entangled state. In particular, we have presented differ-
ent methods of preparing two atoms in the antisymmetric state which is an
example of a decoherence-free entangled state. The ability to prepare two-
atom system in the decoherence-free state represents the ultimate quantum
control of a physical system and opens the door for a number of applications
ranging from quantum information, quantum computing to high-resolution
spectroscopy. However, the practical implementation of entanglement in in-
formation processing and quantum computation requires coherent manipu-
lation of a large number of atoms, which is not an easy task. Although
the two-atom systems, discussed in this review, are admittedly elementary
models, they offers some advantages over the multiatom problem. Because
of their simplicity, we have obtained detailed and almost exact solutions
that can be easily interpreted physically, and thus provide insight into the
behavior of more complicated multiatom systems. Moreover, many results
discussed in this review is analogous to phenomena that one would expect
in multiatom systems. For example, the nonexponential decay of the total
radiation intensity from two nonidentical atoms is an elementary example of
superradiant pulse formation, and a manifestation of the presence of coher-
ences between the collective entangled states. A number of theoretical studies
have been performed recently on entanglement and irreversible dynamics of
a large number of atoms [18, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180].
These studies, however, have been limited to the Dicke model that ignores
antisymmetric states of a multi-atom system. Nevertheless, the calculations
have shown that population (information) can be stored in the collective
atomic states or in the so called dark-state polaritons [181, 182], which are
quasiparticles associated with electromagnetically induced transparency in
multi-level atomic systems.
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